CLUSTER A^- VARIETIES FOR DUAL POISSON-LIE GROUPS I 
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Abstract. We associate a family of cluster A"- varieties to the dual Poisson-Lie group G* 
of a complex semi-simple Lie group G of adjoint type given with the standard Poisson 
structure. This family is described by the Vt^-permutohedron associated to the Lie al- 
Z»/i ' gebra g of G: vertices being labeled by cluster A'-varieties and edges by new Poisson 

birational isomorphisms, on appropriate seed A'-tori, called saltation. The underlying 
combinatorics is based on a factorization of the Fomin-Zelevinsky twist maps into mu- 
pH ' tations and other new Poisson birational isomorphisms on seed Af-tori called tropical 

Q^ , mutations (because they are obtained by a tropicalization of the mutation formula) , as- 

sociated to an enrichment of the combinatorics on double words of the Weyl group W 
of G. 
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1. Introduction 

The rising of the cluster combinatorics goes back to two sources: Berenstein, Fomin and 
Zelevinsky from one hand f |FZ02j . |FZ03a) . |BFZ05j,[FZ07]) i n their s t udy of t otal posi- 
tivity, and Fock and Goncharov on the other hand ( |FG07a] . |FG06b] . |FG07bj ) in their 
higher Teichmiiller theory. These structures quickly spread to diverse mathematical areas 
such as: quiver representations, Poisson geometry, integrable systems, convex polytops, 
tropical geometry, and so on. In this paper and its sequel [B], we use them to sharpen 
the geometry of dual Poisson-Lie groups. Therefore, according to the quantum duality 
principle [STS93) . these two papers can be seen as the semi-classical starting point to- 
wards a cluster combinatorics describing the quantized universal enveloping algebra lAq{Q) 
associated to a complex semi-simple Lie algebra g. 

Let us recall that a Lie group G given with a Poisson structure is called Poisson-Lie 
group if the multiplication m : G x G ^ G \s a. Poisson map, when the set G x G is given 
the Poisson product structure. Let (0,0*) be the tangent Lie bialgebra of G. According 
to the standard theory (0*,0) is also a Lie bialgebra, and hence the Lie group associated 
with 0* is again a Poisson-Lie group called the dual Poisson-Lie group of G and denoted 
G*. If the Lie bialgebra (0,0*) is factorizable, the Poisson-Lie group G* can be embedded 
as a dense subset Go of G, when this one is given the appropriate Poisson structure. The 
symplectic leaves of G are then the G* -orbits on G via the dressing transformations and 
the symplectic leaves of G* are the conjugacy classes in G [STS85J . Let us denote this 
appropriate Poisson structure tt-^ when G is a complex semi-simple Lie group given with 
the standard Poisson structure vrc, that is a Sklyanin bracket associated to the standard 
r-matrix of the Belavin-Drinfeld classification. In that case, the dual of the Poisson-Lie 
group (G, -Kg) may be identified with a subgroup in the direct product of two opposite 
Borel subgroups B and i?_ of G, and we denote it {G*,t:g*)- 
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When G is a real split semisimple Lie group with trivial center, the geometry of (G, ttg) 
has been described by Fock and Goncharov via the combinatorics involved in cluster X- 
variety. Recall that a cluster A"- variety is a Poisson variety obtained by gluing a set of tori 
along some specific bi-rational isomorphisms called (A:'-)mutations. Each torus is given 
a log-canonical Poisson structure, that is a set of coordinates Xi and a skew-symmetric 
matrix e, with generic integer values, such that {xj,Xj} = SijXiXj. Because mutations 
are Poisson maps relative to these log-canonical Poisson structures, cluster Af-varieties 
are naturally given a kind of Darboux coordinates. In |FG06b| . using a coarser Poisson 
stratification of (G, ttg) into double Bruhat cells G^'^ , defined as the intersection of the 
cells BuB and B-vB-, where u, v belong to the Weyl group W of G, Fock and Goncharov 
have constructed canonical Poisson birational maps, called evaluation maps, of cluster 
A'- varieties into (G"'*', vrc) (one map evi for each seed A'-torus X{ associated with a double 
reduced word i associated to the pair u,v & W); this construction provides for (G, ttg) 
a natural set of rational canonical coordinates. Canonical maps /ii^j associated with 
different double reduced words i, j are given by a composition of mutations simply related 
to the composition of generalized d- moves linking the double reduced words i and j. 

In the present paper, using a key result of Evens and Lu [EL07J , we adapt the con- 
struction of Fock and Goncharov to study the dual Poisson-Lie group {G* ,ttg*) of (G, vrc) 
when G is a complex semi-simple of adjoint type. It turns that the description of (G* , ttg* ) 
requires not one but a family of cluster A:'-varieties indexed by the Weyl group W of G. 
This family is in fact described by the VK-permutohedron associated to the Lie algebra g 
of G: vertices being labeled by cluster ^-varieties and edges by new Poisson birational 
isomorphisms, on appropriate seed ^-tori, called saltation. Roughly speaking, we asso- 
ciate to every cluster variety of this family a twisted evaluation, i.e. a composition of 
an evaluation map as above with a new map called twisted maps which generalizes the 
birational isomorphisms constructed by Evens and Lu in their study of Grothendieck reso- 
lutions |EL07j . and use saltations to relate them. The combinatorics underlying this result 
rely on two new moves on double words added to the previous generalized d- moves; these 
moves are called T-moves and dual moves. The maps on seed ^Y-tori associated to dual 
moves are saltations, whereas the maps on seed A:'-tori associated to r-moves are obtained 
by a tropicalization of the mutation formulas and therefore called tropical mutations. In 
fact, one of the key technical result here is an explicit factorization of the Fomin-Zelevinsky 
twist maps given in |FZ99] in terms mutations and tropical mutations. 

In the sequel [B] of this paper, we will see how to use tropical mutations to include the 
De-Concini-Kac-Procesi Poisson automorphisms on (Go,'7r*) in the story. 

Here is the organization of the paper. We fix the notation, give backgrounds on semi- 
simple Lie algebras and dual Poisson-Lie groups, and recall the basic definitions leading 
to the notion of cluster A'- variety in Section [2j We show, in a way useful for our purposes, 
how to naturally attach a cluster ^-variety X\ii to every double Bruhat cells {G^''" ,ttg) via 
evaluation maps associated to any double (reduced) word i in Section [3] (this section sums- 
up results of |FG06b| ). In Section HJ we introduce new evaluation maps and new seeds 
related to double reduced words to state an analog of the previous construction of Fock 
and Goncharov for the dual Poisson-Lie group (Go,vr*); although the result in this section 
are strongly generalized in Section El it is the occasion to give a flavor of our construction 
without using the machinery of generalized cluster transformations and saltations later 
developed. In Section \5[ we enlarge the combinatorics on double words and on their 
related seed A'-tori by introducing respectively new moves called r-moves and related 
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birational Poisson isomorphisms on seed Af-tori called tropical mutations; this enables us 
to describe the Fomin-Zelevinsky twist maps and their variations in terms on mutations 
and tropical mutations. In Section [H we use the VF-permutehedron associated to the Lie 
algebra q to study the combinatorics on double reduced words generated by generalized 
d- moves and enriched with tropical moves, as well as the related combinatorics on cluster 
A'-varieties; the idea is to prepare the ground for the cluster combinatorics related to 
twisted evaluations and dual Poisson-Lie groups, developed in Section [HI In Section [71 
we generalized the results of Section [D we introduce twisted evaluation and adapt the 
combinatorics of the previous section to get a family of cluster A'- varieties X^, associated to 
each element w oiW parameterizing (i?i?_, vr*). (The results of Section [J] are rediscovered 
by setting w = 1.) In Section [HJ we relate the previous twisted evaluations by cluster 
transformations and the birational Poisson isomorphisms called saltations; as a corollary, 
we get a parametrization of the dual Poisson Lie-group {BB- , vr*) by a family of cluster X- 
varieties; moreover, the cluster A'-varieties of this family are related by saltations described 
by the 1-skeleton of the VF-permutohedron Py/. In Section [9l we start by giving an 
alternative way to describe twist maps with mutations and tropical mutations and provide 
evaluations for [G* , ttq* ) in the spirit of the Kirillov-Reshetikhin multiplicative formula 
for the quantum iZ-matrix associated to lAq{Q)] moreover, birational Poisson isomorphisms 
using to pass from the positive part to the negative part of {G* , ttq* ) (and vice- versa) are 
easily encoded by paths on the 1-skeleton of VF-permotohedron relating the identity and 
the longest element wq of W . Finally, we apply all our construction to the very special 
case of G = SL{2, C) in Section [lOl and, as a conclusion, we give the quantization of 
this elementary construction by considering the cluster combinatorics associated to the 
quantized universal enveloping algebra Uq{Q) of the Lie algebra g = sl(2,C). 

2. Preliminaries 

We fix the notation, give backgrounds on semi-simple Lie algebras and dual Poisson-Lie 
groups, and recall the basic definitions leading to the notion of cluster Af- variety. 

2.1. Backgrounds on semi-simple Lie algebras. Let g be a complex semi-simple Lie 
algebra of rank /, A its Cartan matrix, and G its Lie group of adjoint type. Fix a Borel 
subgroup B C G, let B^ be the opposite Borel subgroup, H = B (1 B^ the associated 
Cartan subgroup and A^ (resp. A^_) the unipotent radical of B (resp. -B-). Let f), n, n_ C g 
be the Cartan and nilpotent subalgebras of g, corresponding respectively to H, N and A*".. 
In the following, we will denote [1, 1] := {1, ...,/}. 

Let ai, . . . , «/ be the simple roots of g, and let cji, W2, ■ ■ ■ ,uji G t)* he the corresponding 
fundamental weights. For every i € [1,/], let (ej,/i,/ii) be the Chevalley generators of g; 
they generate a Lie subalgebra g^^ of g. In particular, we have ojj{hk) = Sjk for every 
j,k € [1,^]. Let us recall that the weight lattice P is the set of all weights 7 € f)* such 
that 7(/ii) € Z for all i. So the group P has a Z-basis formed by the fundamental weights. 
Every weight 7 € P gives rise to a multiplicative character a 1-^ a''' of the maximal torus 
H; this character is given by exp(/i)''' = e"^^ \ with h £ i). 

The Lie algebra g being seini-simple, its Cartan matrix A is invertible and we can 
introduce a new basis {h^,l < i < 1} on tj putting 



(2.1) h^:=^(A~%h, 
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Let D = diag{di, ... ,di) be the diagonal matrix associated with the set of Cartan 
symmetrizers; we put aij = diUij = aijdj. For every x € C and i G [1,^], we define the 
group elements 

^* = exp(ej), F' = exp{fi), Hi{x) = exp{log{x) hi), W{x) = exp{log{x)h') 

related respectively to the generators e^, /«, hi and /i* of g. The canonical inclusions 
ifi : SL(2,C) ^^ G give in particular the following equalities for every nonzero complex 
number x. 

(2.2) ^,1^1 l^= W{x)E^H\x~^l ^,1^1 \^= W{x-')rW{x) , 

(2.3) and v^. (l ^^ ) =H,ix) = n H^i^r^ ■ 

We denote by W the Weyl group of G. As an abstract group, W is a, finite Coxeter 
group of rank I generated by the set of simple reflections S" = {si, . . . , s/}; it acts on t)*, I) 
and the Cartan subgroup H by 

(2.4) Si(7) = 7-7(a/)Qi , Si{h) = h - ai{h)a':f and a'^"'') = (uj-'^aw)''' 

for every 7Gf}*,/i€f),wGW^ and a ^ H. Recall now that a reduced word for w ^W \s 
an expression for w in the generators belonging to S", which is minimal in length among 
all such expressions for w. Let us denote (,{w) this minimal length and R{w) the set of 
reduced words associated to w. As usual, the notation wq will refer to the longest word 
oiW. 

Let us denote H the set of positive roots of the Lie algebra g. It is well-known that if 
ii ■ ■ ■ H{wo) is a reduced expression for wq, then 

11 = jaji, Si^yai^), . . . , Si^ ... ■Sj^(„,|.j)_i(Q;j^(„,p) j| , 

each positive root occurring exactly one in the right-hand side. There are automorphisms 
Ti, . . .Ti of g such that 

(2.5) Ti{ej) = (-a,,)!-nadeJ-'^-(e,) , if i / j , 

T^{fj) = (-a,,)!-Had/J-'^-(/,) , if ^ / j , 

where ada(6) = [a, 6] for every a, 6 € g. To any positive root /3 = Si^Si^ ■ ■ ■ Sij,_j(aij.) G H, 
ii . . . ie(wo) being a reduced expression of the longest word wq of W, we associate the 
positive and negative root vectors 

(2.6) e,3 = Ti,Ti^...Ti^^^{ei^) and fp = Ti^...Ti^_^{fi^). 

Let us also recall that W can also be seen as the subgroup NoicmG{H)/H of G. Thus, to 
every simple reflection Si £ S we associate the group element 

/O -1 

S^ = V^l ^ 
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We can choose representatives in G for every element of W by setting w\W2 = wiW2 
for every 'Wi,'W2 G W as long as i{wi) +£{1^2) = i{wi'W2)- We finally have the Bruhat 
decompositions associated to G: 

(2.7) G= [J BuB = (J BJvB_ = [J BwB_ . 

uew vew w€W 

2.2. Backgrounds on dual Poisson-Lie groups. A Lie group G given with a Poisson 
structure is called Poisson-Lie group if the multiplication m : G x G — > G is a Poisson 
map, when the set G x G is given the Poisson product structure. In the following, we will 
focus on the following Poisson-Lie groups. 

2.2.1. The Poisson-Lie group {G,ttg)- According to the Belavin-Drinfel'd classification, 
the so-called standard classical r-matrix is given by the formula 



^ Cq A /a G 



A 



where the summation is done over all positive roots. Let ( , ) be the Killing form on g. 
For every x G 3, X € G and every function / G -^(G), the left and right gradients are 
defined respectively by 

(V/(X),x) = ^|t=o/(e*"^) and {V f{X),x) = j^\t=of{Xe'n ■ 

If f,g £ ^{G), let vtg be the following Poisson structure on G given by the Sklyanin 
bracket which transforms G into a Poisson-Lie group. 

(2.8) {/, gJG = ^((V/ Vg, r) - {V f » Vg, r)) . 

A Poisson stratification of (G, ttq) is obtained by using the Bruhat decompositions given 
by ()2.7p . As in |FZ99l Section 1.2], we associate to any u,v (zW the double Bruhat cell 
G""'" C G defined by 

G"'" = BuB n B^vB^ . 

Each double Bruhat cell G'^''" has dimension i{u) + £{v) + 1 by |FZ991 Theorem 1.1]. The 
following result leads to the Poisson stratification 



(2.9) G= IJ G" 



u,v£W 

Proposition 2.1. [H KKROOl [KZ021 [R03] For every u,v G W, the double Bruhat cells G"''' 
are the H -orbits, by the right-multiplication action, of the symplectic leaves o/(G, vrc). 

2.2.2. The Poisson-Lie group {G*,'kg*)- Let us recall that any multiplicative Poisson 
bracket on G identically vanishes at its unit element e G G; its linearization at e gives rise 
to the structure of a Lie algebra on the dual space g*; multiplicativity then implies that 
the dual of the commutator map [ , ] : g* x g* — > g* is a 1-cocycle on g. A pair (g, g*) with 
these properties is called a Lie bialgebra. Because of an equivalence between the category of 
Poisson-Lie groups (whose morphisms are Lie group homomorphisms which are also Pois- 
son mappings) and the category of Lie bialgebras (whose morphisms are homomorphisms 
of Lie algebras such that their duals are homomorphisms of the dual algebras), finite di- 
mensional Poisson-Lie groups always come by pair. The Poisson-Lie group associated to 
the Lie bialgebra (g*,g) is called the Poisson-Lie group dual to G. 
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Let b± C g be the opposite Borel subalgebras associated to B±. The dual Lie algebra 
0* associated to the standard r-matrix may be identified with the following subalgebra of 

b+eb-: 

Q* = {(X+,X_) e b+ e b_ I diagX+ + diagX_ = 0} . 

Here, the application diag : s — > f} denotes the projection of q on its Cartan subalgebra. It 
can be lifted-up to give a projection from the Lie group G to its Cartan subgroup H, also 
denoted diag. The Lie group G* associated with g* may be identified with the following 
subgroup in B^ x B^, 

(2.10) G* = {(6+,6_) gS+ xS_|diag6+-diag6_ = /} . 

It carries a natural Poisson bracket which makes it a Poisson-Lie group; this is the dual 
Poisson-Lie group (G*, ttg*) of G. Let t G g (X) g be the Casimir element of g, given by the 
following formula, and let us denote r± = r zizt. 

i,je[i,i] ie[i,i] 

Proposition 2.2 ( |STS85J ). Let us equip G with the Poisson structure vr^, given by 

{/, 9}* = ^((V/ V^, r) + (V7 ® Vg, r)) - (V/ Vg, r+) - {V f ® Vg, r_) . 

The map (j) : {G* ,itg*) -^ {BB^,tt^,) : {b^,b-) i— )■ 6+61 is a Poisson covering of degree 2 
of Poisson manifolds. 

Proposition 2.3 ( |STS85] ). The following conjugation action is a Poisson action. 

(G, ttg) X (G, TTo) — > (G,7ro) 
{g,h) I — > ghg-^ 

Following JEL07J . let us now give a Poisson stratification for (G, vr*). A regular class 
function on G is a regular function on G that is invariant under conjugation. Two elements 
9i,92 G G are said to be in the same Steinberg fiber if f{gi) = /(fl'2) for every regular 
class function / on G. For t & H, let Ft be the Steinberg fiber containing t. By the 
Jordan decomposition of elements in G, every Steinberg fiber is of the form Ft for some 
t ^ H. Moreover, the equality Ff = Ft is satisfied if and only if there exists w & W such 
that t' = w{t), where W acts on H by the formula (12. 4p . The group G has therefore the 
decompositions 

(2.11) G= \J Ft,^= [_\ Ft,^ where Ft,^ := BwB^f]Ft . 

t£H,weW ti^H\W,wGW 

Proposition 2.4. |EL071 Proposition 3.3] For every t G H and v G W : 

• Ft^w is a non empty irreducible subvariety of G with dimension equal to dim(G) — 
l-i{w). 

• Ft^v is a finite union of H-orbits, for the conjugation action, of the symplectic 
leaves of (G, vr*). 
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2.3. Backgrounds on cluster A'-varieties. We recall the definitions introduced by Fock 
and Goncharov underlying cluster ,^-varieties. We add the notion of erasing map, which 
has been already used in |FG06bj without be named. 

Definition 2.5. |FG07al Definition 1.4] A seed I is a quadruple {I,Io,e,d) where 

• I is a finite set; 

• lo C I; 

• e is a matrix Sij, i,j & I, such that Sij G Z, unless i,j G Iq] 

• d = {dj}, i € /, is a subset of positive integers such that the matrix £ij = Sijdj is 
skew-symmetric . 

Elements of the set Iq are sometimes called frozen vertices. Here, we will not use this 
terminology, however, for the simple reason that, in the next, we will allow some birational 
Poisson isomorphisms in the direction of these frozen vertices, called tropical mutations. 
For every real number x G M, let us denote [x]+ = max(x,0) and 

( -I if x <0 ; 

sgn(x) = < if x = ; 
y 1 if x > . 

Definition 2.6. |FG07a[ Section 1.2]. [FZ02[ Definition 4.2] Let I = {I,lQ,e,d), I' = 
(I' ,I'Q,e' ,d') be two seeds, and k G /\/o- A mutation in the direction ^ is a map /U^ : 
/ — > I' satisfying the following conditions: 

• (i'^^(i) = di; 

I _ ( —Sij if i = k or j = k ; 

Definition 2.7. |FG07al Section 1.2] A symmetry on a seed I = {I,Io,e,d) is an auto- 
morphism a of the set I preserving the subset /q, the matrix e, and the numbers di. That 

is to say: 

• cr(-fo) = Iq] 

• da-(i) = df, 

• ^o-(i)o-(j) = ^ij- 

Let |/| be the cardinal of every finite set / and C^o be the set of non-zero complex 
numbers. 

Definition 2.8. |FG07al Section 1.2] Let I be a seed. The related seed X-torus Xi is the 
torus (C^o) with the Poisson bracket 

^Xi, Xj \ — SijXiXj , 

where {xi\i G /} are the standard coordinates on the factors. The exchange part of the 
seed A'-torus Xi is the subtorus obtained by keeping only the Xj for j G /\/o- 

Symmetries and mutations on seeds induce involutive maps between the corresponding 
seed <Y-tori, which are denoted by the same symbols /i^ and a, and given by 

Xk~^ if i = k ; 



^""^'^ I XixJ!'''-^+(l + Xfe)-^''-- [fij^k. 
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Definition 2.9. (FGOTal Section 1.2] A cluster transformation linking two seeds (and 
two seed A'-tori) is a composition of symmetries and mutations. Let I be a seed. A 
cluster X- variety X^j^ is obtained by taking every seed A'-tori obtained from Xi by cluster 
transformations, and gluing them via the previous bi-rational isomorphisms. 

Definition 2.10. |FG06bj Let I = (/, /o,t/,c) and J = {J,Jo,e,d) be two seeds and let 
L be a set embedded into both Iq and Jq in a such a way that for any i,j G L we have 
c{i) = d{i). Then the amalgamation of J and I is a seed K = {K,KQ,C,,h)^ such that 
K = IUlJ, Ko = lo Ul Jo and 

' if i G I\L and j G J\L ; 

if i G J\L and j G /\L ; 

(ij = < rjij if z G I\L and j G I\L ; 

Eij if i G J\L and j G J\L ; 

rjij+Eij if i,jeL. 

This operation induces a homomorphism Xj x Xj ^!- X^^ between the corresponding seed 
(Y-tori given by the rule 

Xi if i G I\L ; 

■tji if i G J\L ; 

Xiiji if i e L . 

It is easy to check that it respects the Poisson structure and commutes with cluster trans- 
formations, thus is defined for the cluster ^-varieties, and not only for the seeds. 

Definition 2.11. Let I = {I,Io,e,d) be a seed and A: G /. A k-erasing map on a seed 
I = (/, Iq, e, d) is a morphism <^i. on I such that 

• ?fc(-^o) = -^0 and <;k{I) = I\{k}] 

• '^?fc(i)?fc(i) =%■• 

erasing maps on seeds induce maps between the corresponding seed ,^-tori, which are 
denoted by the same symbols ?/j, and given by 

3. Cluster ^-varieties related to (G, ttc) 

We show, in a way useful for our purposes, how to naturally attach a cluster A'-variety 
Af|i[ to every double Bruhat cells {G^'^^ttg) via evaluation maps associated to any double 
(reduced) word i. This section sums-up results of [FG06b]. 

3.1. Combinatorics on double words of W . We start by recalling the combinatorics 
on double words of W , which is derived from a well-known result of Tits. Following |FZ99] . 
a (reduced) word of VF x VF is called a double (reduced) word. In order to avoid confusions 
we denote 1, . . . , I the indices of the reflections associated to the first copy of W , and 1, . . . , / 
the indices of the reflections associated to the second copy. A double (reduced) word of 
{u,v) is nothing else that a shuffle of a (reduced) word of u, written in the alphabet [T, I], 
and of a (reduced) word of v, written in the alphabet [1, 1]. We denote D{u, v) and R{u, v) 
the set of double words and double reduced words of {u,v), respectively. (Therefore we 
have the inclusion R{u,v) C D(u,v).) In particular, let 1 G -R(l,l) be the double word 
associated to the unity of W x W. 
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Let w € W and i be a word of w. Following [BZOl; Section 7], we call a d-move (also 
named " brai d-move" in |BB05j ) a transformation of i that replaces d consecutive entries 
i,j,i,j, ... by j,i,j,i, . . ., for some i and j such that d is the order of SiSj , that is: if 
aijUji = (resp. 1,2,3), then d = 2 (resp. 3,4,6). We call nil-move a transformation of 
i that replaces the string z i by the elementary string i for some i € [1,^]. The following 
result, called the Tits theorem, is standard and can be found, for example, in [BB051 
Theorem 3.3.1]. 

Theorem 3.1. Let {W,S) be a Coxeter group and w G W. 

• Any expression for w can be transformed into a reduced expression for w by a 
sequence of nil-moves and d-moves. 

• Every two reduced words for w can be connected by a sequence of d-moves. 

Let us say that a letter i of i is positive if i € [1,/] and negative if i € [1,1]; a double 
word i will be said to be positive (resp. negative) if all its letters are positive (resp. 
negative). Considering the group W x W, we conclude that every two double reduced 
words i, j G R{u, v) can be obtained from each other by a sequence of generalized d-moves, 
listed in Figure 13.11 They contains 

• positive d-moves for the alphabet [1,/]; 

• negative d-moves for the alphabet [T, I]; 

• mixed 2-moves that interchange two consecutive indices of opposite signs. 

In the same way, any double word for the couple {u,v) £ W x W can be transformed to 
give any double reduced word of R{u, v) by a sequence of generalized dn-moves, including 

• positive nil-moves for the alphabet [1,/]; 

• negative nil-moves for the alphabet [1,1]; 

• generalized d-moves. 

Positive and negative nil-moves are given by Figure [STTl 



or 



or 



or 



or 



i_j ... 
i j ... 

a ■■■ 

i j ... 

Hi ■ 

i j i . 

iiii 

i 3 i j 



or . , 



i j i j i j 



-^^ 



-"^ 



-^^ 



-^^ 



"■^ 
-"^ 



. J i_ . 
. j i . 

■ a ■ 

. j i . 

Hi 

j i 3 

an 



mm 

j i j i j i 



for every i,j £ [1,1] 



when ttijUji = 



when ttijUji = 1 



when aijUji = 2 



when aijUji = 3 



Figure 1. The generalized d-moves 
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. . . i i . . . ~^ . . . i . . . 
and . . . i i . . . ~^ . . . i . . . for every i € [1, /] 

Figure 2. The positive and negative ni/-moves 

3.2. Quivers and seeds associated to a double word. We then reformulate the pro- 
cedure to attach a seed to a double word given by [FG06b| via gluing on quivers in the 
spirit of [FSn Section 13]. 

3.2.1. Dynkin quivers. Let Fg be the Dynkin diagram of g, denote its vertex by (q) • • • (o) 
and choose some i G [1,^]- The elementary Dynkin quiver Fg(i) is the directed graph 
obtained from F by the following procedure. 

• Create a new vertex {\) and call i-vertices the vertices (g), {{)■ and j-vertex the 
vertex (q) for any j y^ i. The vertex (q) and the j- vertices are then called left 
outlets, whereas {\) and these j- vertices are called right outlets. 

• Erase all the edges of the Dynkin diagram except the ones involving the vertex (q). 

• Rely the vertices {\) to the vertex (q) by an arrow such that {\) is the tail of the 
arrow and (g) its head. 

• Create as many arrows between (|) and each remaining vertices there are between 
(o) and this remaining vertex. The heads and the tails of the arrows are directed 
in such a way that the triangle(s) thus created is/are oriented. 

The elementary Dynkin quiver Fg(i) is then obtained from Fg(i) by reversing the orien- 
tation of all the arrows. To these elementary Dynkin quivers, we add the trivial Dynkin 
quiver Fg(l) obtained from the Dynkin diagram by removing all the edges; as above the 
vertices of this quiver are labeled by (q), with i € [1,^]. (For the trivial Dynkin quiver 
Fg(l), the set of left outlets is, by definition, the set of right outlets.) Figure [3] and Figure 
m describe respectively the elementary Dynkin quivers of the cases q = A^ and = ^2- 
Let us stress that in all our examples, outlets will be marked by unfilled circles. Other 
conventions in our drawing will be the following: the type of vertices is given by a kind of 
height function where vertices of type 1 are at the top of the quiver and vertices of type 
/ at the bottom; moreover, left outlets will always be drawn at the left of right outlets if 
both are A:-vertices but different. 

O Q— •— P Q— •— P Q Q O O 

O 

O O O 

TgCl) rg(l) rg(T) Fg(2) Fg(2) rg(3) T ,{3) 

Figure 3. Elementary Dynkin quivers for q = A^ 

A quiver F is called a Dynkin quiver if it can be obtained from a collection of disjoint 
elementary Dynkin quivers, coming from the same Dynkin diagram, by the following 
procedure, called amalgamation. Let i = ii . . . z„ be a double word and Fg(ii), . . . , Fg(i„) 
be the associated elementary Dynkin quivers. For every k € [1,^], we put a total order, 
called the /c-order on the set of the fc- vertices of all the elementary Dynkin quivers in such 
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o 

o 

rg(i; 







rg(i) 



r0(i) rg(2) rg(2) 

Figure 4. Elementary Dynkin quivers for Q = B2 



a way that (q^) < {j') for every j, and that every A:-vertices of T^^ii) are lower than the 
/c- vertices of rg(ij) when I < j. 

• For every j € [l,n — 1], glue every right outlets of ^s{ij) to every left outlets of 
rg(ij_|_i) in such a way that A;- vertices are glued together; 

• relabel each fc-vertex following the /c-order, that is (^) is the i^^ A:-vertex, with an 
increasing numbering, of the set of all /c-vertices given by the /c-order; 

• redefine the set of outlets: left outlets (resp. right outlets) are vertices (f) such 
that {^) < (^) (resp. (^) < (f )) for every j; 

• if r contains a pair of edges connecting the same pair of vertices but going in 
opposite directions, then remove each such a pair of edges; (As a result, all arrows 
linking two vertices point now in the same direction.) 

• for every ki ^ k2, erase arrows linking /ci-vertices to A:2-vertices until there is not 
more arrows linking these vertices in the resulting graph than edges linking the 
ki vertex and the k2 -vertex, in the corresponding Dynkin diagram. 

The amalgamation process is certainly easier to figure out on examples. Figure [5l Figure 
[6] and Figure [7] describe some amalgamations in the case = ^43. 

0— •— Q 





O 

r0(i) r,{2) T,{i2) 

Figure 5. The amalgamation (r0(l),rB(2)) ^ Tq{12) for Q = A3 






rg(2) T,{2) rg(22) 

Figure 6. The amalgamation (r0(2),rg(2)) ^ rg(22) for Q = A3 

The resulting graph is called the Dynkin quiver rg(i). Therefore, a Dynkin quiver is 
associated to every double word i. In particular, every elementary Dynkin quiver is a 
Dynkin quiver, and the elementary Dynkin quiver rg(l) does not affect a gluing. 

It is easy to see that the amalgamation is associative. In particular, the Dynkin quivers 
rg(i) and rg(j) can be amalgamated to obtained the Dynkin quiver rg(ij). Let us also 
remark that for every vertex i of a Dynkin quiver F, there exists k € [1,/] such that i is 
a A:-vertex. Such a /c is called the vertex-type of i and is denoted k{i). It is clear that 
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rg(2) rg(2) rg(22) 

Figure 7. The amalgamation (rj,(2),rj,(2)) ^ rg(22) for Q = As 




Figure 8. The quiver rg(123121) for Q = A3 

the vertex- type remains unchanged by the amalgamation. Moreover, for every j G [1,^], 
we denote A^-^(i) the number of vertices in rg(i) whose vertex-type is j. Stated otherwise, 
N^ (i) is the number of times the letter j or j appears in the double word i. 

3.2.2. Seeds associated to double words. We derive the seeds constructed by Fock and 
Goncharov from the previous Dynkin quivers in the following way. Let i be a double 
word, and F be the associated Dynkin quiver. Let B{i) = {hij) denote the skew-symmetric 
matrix whose rows and columns are labeled by the vertices of F, and whose entry bij is 
equal to the number of edges going from i to j minus the number of edges going from j 
to i. The skew-symmetrizable matrix -B(r) = {b^) is obtained from B{\) by the following 
skew-symmetrizing formula, involving the vertex-types k{i) and k{j), of i and j: 



dk{i)bij 



-bjidk{j) 



where di, . . .di are the set of non-zero natural numbers that symmetrize the Cartan matrix. 
Let i be a double word and Fg(i) be its associated Dynkin quiver. The seed I(i) = 
(/(i),/o(i),e(i), ii(i)) is defined in the following way. 

• The set I(i) is the set of vertices of Fg(i), with a partial order induced by the k- 
orders on the set of fe- vertices, the sets /o^(i), -^(f (i) are respectively the set of right 
outlets and left outlets of Fg(i), and /o(i) is the set of outlets. Stated otherwise, 
the set 1(1) (resp. Iq{i),Iq^{i) and /o(i)) is the set of all ordered pairs (■^) such 
that j G [1,/], and < A; < iV^(i) (resp. k = 0, k = N^{i), and k G {0,N^{i)}), 
where A''-^(i) is the number of times the letter j or j appears in i. 

• The matrix e{i) is given by a normalisation of -B(i): 

Bii)ki 



(3.1) 



£Wki 



2 

Bii)ki 



for k G /o(i) and / G /o(i) 



otherwise. 



The multiplier d{i) is given by associating to every vertex j the Cartan symetrizer 
of its type- vertex, that is: 



d(i) 



d 



Hi) 
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It is easy to translate the amalgamation procedure at the level of seeds: for every double 
words i,j, the amalgamated seed (/(ij),/o(ij),e(ij),(i(ij)) is defined in the following way 
|FG06b] ■ The elements of the set d(ij) are equal to the corresponding Cartan symmetrizer 
as above and the matrix e(ij) is given by 



(3.2) 



^UJ, 



(Da) 



e{i)(i 



m 



.wd^'^'^im 



e(i)(.)(.)+.(j) 







if A: <N'{i) and/ <N^{i) 
if A; = iV*(i) and/ = iVJ(i) 
if /t > A^*(i) and I > N^{i) 

otherwise . 



In particular, for every i G [1,/] and i G {i,i}, the matrices e(i) and e(i) have their entries 
labeled by the elements of I{i) = I{i) and are given by the following equalities and zero 
otherwise. 

(3.3) £{^)(-Mi-\ = ^ = -^{i)(',\(i\, ^(■^)(^A(i\ = —^ = -e©r:n 



(D(i5) 



no)(^) 



\\m 



'Qi^ ■ 



3.3. Cluster ^-varieties related to {G,ttg). We attach a seed <Y-torus to each of 
the previous seeds. We use them to describe the combinatorics underlying the Poisson 
geometry of double Bruhat cells, as in [F G06bj . Let us recall the basis of t) given by (12. Ih 
and the related group elements iJ*(x) given by (|2.3p . For every i € {l,i,i} we denote Xi 
the seed Af-torus associated to the elementary seed (I(i),Io(i),e(i), d(i)) and evi : Xi ^ G 
the related evaluation map given by 



evi : C% 



ev,:C'_,Y 



ev,: C%' 



G 
>G 
>G 



Xn 



o) 



Xn 



o) 



(X(.),...,X(.),, 



■^a,] 



'"a) 



,Xn-^ 



n^^' (-(?.))' 

l[W{x^r^)E^H\x^^] 
j 

l[Wix^r^)F^H^ix^^] 



Proposition 3.2. [FGOGbj Proposition 3.11] For every i € [1,/], i G {l,i,i} and {u,v) G 
W xW such that i G R{u,v), the evaluation map evj : Xi — > {G'^''",ttg) is a Poisson 
birational isomorphism on a Zariski open set of G'^''" . 

Lemma 3.3. |FG06bj The am,algamation procedure induces a Poisson homomorphism 
m : Ai X Aj — >■ r^ij between the corresponding seed X-tori given by 

' a;/,^ i/0< /c < A^'(i) ; 

(3.4) ^(')^\ ^(D^(o) ^/^ = ^*(i); 

y( >," ) z/7V^(i)<fc<iV^(i)+Ar^(j) , 
where Xi, yj and z^ are the associated variables. 

Now, let i = ii . . . ifc be a double word, X\ be the seed A'-torus given by the associated 
amalgamation m : Xi^ x • • • x Xi^ — > Xi, and z be the amalgamated variable m(xi, . . . , Xk). 
We define the evaluation map 



(3.5) 



evi : A'i — > G : z 1-^ evj^ (xi) . . . evj^. (x^) where z = m(xi, . . . , x^) 
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Using the multiplicative property of the Poisson-Lie group {G,ttg), we see that this eval- 
uation is also a Poisson map. So Proposition 13.21 leads to the Poisson statement of the 
following result. 

Theorem 3.4 ( |FG06b] ). For any u,v ^W and i € R{u, v) the map evi : Xi -^ (G"'^, ttg) 
is a Poisson birational isomorphism onto a Zariski open set of the double Bruhat cell G^''" . 

We now introduce cluster transformations in the framework. Let us say that a double 
reduced word of length d is d-minimal if we can perform a generalized d-move on it. Let 
us call n-minimal the double words i and i i for every i S [1,?] U [T, /]. Finally, a double 
word is said to be dn-minimal if it is d-minimal or n-minimal. To any two dn-minimal 
double words i and i' related by a generalized dn-move 5 : i i— )• i', we associate a cluster 
transformation //i^i' : Xi — >■ Xi' in the following way: 

Oi\ o ^i/i\, if (5 is a nil-move; 

^(•!\ , if 5 is a move i i -f^ j i or a 3-move; 



(3.6) ^i_+i/ = < 



fifi\fijj\fifi\, if 5 is a 4-move; 



.the identity map otherwise, 

where, as in |FG06b| . we have denoted an expression /x^.(j)/ij by fijfj-k, an expression 
^^^i^^U)^l^(k)^J'^,,{j)^J'i by /ifc/^i/ii, and so on. 

Since mutations commute with amalgamation, we may extend these definitions to any 
two double words i, i' S D{u, v) related by a generalized dn-move. Finally, if i, j are double 
words linked by a sequence (5i_>j of generalized dn-moves and i — )• ii ^' • • • ^- in-i — > 
j is the associated chain of elements, we define the cluster transformation ^i-j-j as the 
composition ^i^_^^j o • • • o fn^i^. The following result is easily derived from Theorem 13. II 

Lemma 3.5. A double reduced word j G R{u, v) can be obtained from a double reduced 
word i G R{u',v') by a sequence of generalized d-moves 5\^-^ if and only if the equalities 
u' = u and v' = v are satisfied. 

Let u,v G W and i,j G R{u,v). Because the birational Poisson isomorphism ^i^j : 
^i — >■ Aj, associated to a sequence 5i_j.j of generalized d-moves, is a cluster transformation, 
we will denote X"^'^ the cluster A'- variety associated to the set R{u,v). Stated otherwise, 
to any double reduced word i G R{u,v) corresponds a local chart {X\,ip{) in the cluster 
Af- variety X^'"" , and the cluster transformation /^i-^j is the transition map between the 
local charts {X\,ipi) and (A'j,c/?j) for any j G R{u,v). Let us also denote i\ : R{u,v) — ?> i 
every time we choose the element i G R{u,v). The diagrams in Figure [9] are therefore 
commutative. 

R{u,v) X""'" 




Xi 77-. --^j 



-J 



Figure 9. The set R{u,v) and the cluster A'-variety X^''" 

We finally give the way to attach the cluster A'-variety X'^'^ to the double Bruhat cell 

[G^'"" ,ttg)-, for every u,v G W. 
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Lemma 3.6 ( |FG06b] ) . For any u,v aW and i,j S D{u,v) such that} is obtained from 
i by a sequence of generalized dn-moves, we have evi = evj o^i_^j . 

Theorem 3.7 ( |FG06b] ) . For any u,v aW and i,j € R{u,v), we have evj = evj o^i_j.j. 

The cluster Af- variety X'^'^ is therefore attached to the double Bruhat cell {G^'"" ^ttq) 
for every u,v € W. Let us denote X, the application which associate to any double word 
i the corresponding seed Af-torus X^. We then sum- up Theorem 13.41 and Theorem 13.71 by 
abusively saying that there exists a Poisson map ev"'^ : X^''" — ?• {G^'^ ,ttg)- 



R(u,v 




A'«'-^^(G"'^7^G) 



Figure 10. The cluster A'-variety X"^'"" associated to {G^'"" ,-kg) 



4. Truncation maps and cluster A"- varieties related to (G, tt^,) 

We introduce new evaluation maps and new seeds related to double reduced words 
to state analogs of Theorem 13.41 and Theorem 13.71 for the dual Poisson-Lie group G* C 
(G, vr*). Although the result in this section will be strongly generalized in Section [8l it 
is the occasion to introduce truncation maps and to give a flavor of what will be later 
called twisted evaluations and its related combinatorics, without using the machinery of 
generalized cluster transformations and saltations that we start to develop in Section [5l 



4.1. Double reduced Bruhat cells and reduced evaluations. According to [BZOll 
Section 4.3], let L"'^ be the reduced double Bruhat cell associated to every u,v & W, that 
is: the quotient of double Bruhat cell G^'^ by the //-right multiplication: 



(4.1) 



^u,v ^ QU,v^jj_ 



We are going to slightly modify the cluster A'-varieties previously constructed in order to 
evaluate these double reduced Bruhat cells. For every double word i, let ?(H_i be the erasing 
map associated to the set I^{i) of right outlets, defined as the product over the set I^{i) 
of the erasing maps ?j given by Definition 12.111 

(4.2) ?iK,i = n ^^- • 

We denote T*^*^ the image of the seed I(i) by <j<H^i, and X^'^'^ the seed .Y-torus associated 
to the seed F®'^. Therefore, we have ^<K_i : Xi — )• X-^^'^ . Every cluster transformation 
/Xi_j.j : X{ —^ X^ canonically leads to a cluster transformation between the associated seed 
Af-tori /x[!f j : X^'''^ -^ X^"'^ by the relation 



.red 



/^i^j o ?sn,i = ^mj o pti^j 
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Definition 4.1. Let i be a double reduced word. It is clear that the map defined on A'; 
and given by 

x^evi(x) H W{x-\ ) 
ie[i,/] ^^'«^ 

doesn't depend on x^ when k E -^o (i), thus we get an evaluation evj : ^j"^ -^ G called 
a reduced evaluation. Stated in a rougher way, the reduced evaluation associated to the 
double word i is obtained from the evaluation map evj by setting the cluster variables Xj 
to 1 (or forgetting the related Cartan element H^{xj)) for every j G -^o'(i)- 

When the double word i is a double reduced word, Theorem 13.41 and Theorem 13.71 are 
easily adapted to reduced double Bruhat cells using reduced evaluations. We get the 
following result. 



IS 



Corollary 4.2. For any u,v G W and i G R{u,v) the map eVj : <Yj ^> {L^''",'Kg 
a Poisson birational isomorphism onto a Zariski open set of the double Bruhat cell L"''". 
And for any u,v £W and i,j G R{u,v), we have ev[ = ev- o//j^.. 

Remark 4.3. This corollary remains valid even if the Lie group G is not of adjoint type 
but simply connected. 

4.2. Truncation maps on cluster Af-varieties. The cluster A'-variety we are going to 
associate to the dual Poisson-Lie group {BB^,it^) in the next subsection can be easily 
obtained from the cluster ^-variety ^'"o,«'o gf Section [3] by the notions of truncation map 
and truncated cluster A:'-varieties we are going to introduce now. The underlying idea is to 
force the apparition of the Casimir of {BB-,tt^,). We start by giving the general setting. 

Definition 4.4. Let I = {I,lQ,e,d) be a seed and J C I. The truncation map associated 
to J is a map tj : I — > Ij such that the seed Ij = (/, Io,e' , d) is given by: 

/.. _ / £ij if «,j G A-'^; 



^-^ ^ otherwise. 

To any finite set J, let us denote X^ the seed -Y-torus associated to a seed (J, J, 0, d). Let 
I = {I,Io,e,d) be a seed such that J C /, and I' = {I,Io,e',d) be the image of I by ij. 
To every t G -Yj, we associate the subtorus Xi'{t) C Xii constituted of elements x G Xi' 
such that Xi = ti for every i ^ J. It is a Poisson subtorus because of the formula ()4.3p . 
The map tj induces an homomorphism iju^ : Xi -^ <^i'(t) associated to any t G Xj and 
given by 

_ j Xi if i G I\J ; 
^tj(t)W ~ \ t, if iG J . 

In particular, the trivial truncated map, associated to the empty set J = 0, is the identity 
map. Now, let I = {I,Io,e,d) be a seed and J be a subset of /. To any cluster trans- 
formation (/>!_). J : Xi ^^ Xj, we associate the following Poisson birational isomorphism 
(plj^jj : Xij -^ Xjj, called truncated cluster transformation and given by 



X, 



(*) I Xi if i G J . 



It is clear that for every t G Xj this map admits a restriction ^i^^j^^ : Xij(t) — )• Xjj(t) 
which is also a birational Poisson isomorphism. 
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We would like to define truncation maps at the level of cluster Af-varieties. A sufficient 
condition is given by the following immediate result. 

Lemma 4.5. Let I = {I,lQ,e,d) be a seed and J C Iq. The following equality is satisfied 
for every cluster transformation (pi^j : Xi ^s- Xj and every t € Xj. 

(4-4) ^ij^Jj o tj(t) = t</,i_^j(j)(t) o (/-i-^j . 

Remark 4.6. The formula (|4.4p is not necessarily true if the condition J C /q is omitted. 
Indeed, consider the seed l{i) for any i G [1,/], and the set J = {(i)}, with the cluster 
transformation ii/i\. In fact, a generalization of the formula ()4.4p will be the starting 

point for the definition of the Poisson birational isomorphisms called saltations and given 
in Subsection [ 



Definition 4.7. Let I = (/, Iq, e, d) be a seed, J be a subset of /, and I' be the truncated 
seed associated to the seed I and the set J. The truncated cluster X-variety X^ii^ of the 
cluster ^-variety X^i^ is obtained by taking every seed ^-tori obtained from Xi/ by cluster 
transformations, and gluing them as usual. Moreover, if we denote X\iii{t) the cluster 
Af- variety obtained from every seed <Y-torus Xi'{t) C Xi/, we have the following Poisson 
stratification, because of (14. 3p . 

The truncated map iju\ is therefore well-defined at the level of cluster A'-varieties for 
every fixed t G Xj if J is a subset of Iq. It is denoted tj(j) : <Y|i| -^ A'|t^(i)|(t). 

We now focus on particular truncations on cluster Af-varieties associated to double 
words. For every double word i, let [ijf^ be the image of the seed I(i) by the right truncation 
map tig, associated to the set of right outlets /o^(i) of /(i). Stated otherwise, for every 
double word i, the seed [i]fH = (-^(i))-^o(i))^(i); t^(i)) is the seed defined by the values 

dik ifi,jG/(i)\/o^(i); 





(^•^) ^(% = |o^^^ otherwise. 

An example of right truncation map is given by Figure [TTJ The right truncated seed X- 

Q « • « • O 

tin. \/\/ 

O 

Figure 11. The right truncation map ti,,^ : r^3(i) -^ TAsiii]^) for i = 123121 

torus X[ij^{t) associated to any t £ H is the subset of X^^^^ obtained by fixing the following 
cluster variables x(9^) associated to right outlets 

(4.6) x(^) = {x,|iG/o''(i)} 
via the equality 

(4.7) evi(X|' 1 \,...,X( I = t . 
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Equation (j4.5p implies that Afi(t) is a Poisson submanifold of ^^[11,^ and according to Def- 
inition 14.41 the right truncation map tj^^ on seeds induces right truncation maps on seed 
<Y-tori ii^(t) '■ X\ — )• A'[i]j^(t). The fohowing result is clear. 

Lemma 4.8. Let 1 he a double word. The right truncated seed X-torus <^[i]^ is Poisson 
isomorphic to the direct product X^'^^ x X-^ of seed X-tori. Moreover, the following equality 
is satisfied for any double word j obtained from i by a sequence of generalized dn-moves. 

(4.8) 



X, 



X 



/^i-.j« ^fi(^I\J 



/^[il«^[Jl!H» \ xi ifie J 

It implies in particular that the cluster transformation fJ-[i]^^[j]^ sends X[^^{t) to X^^^^^t) 
for every j linked to i by composition of generalized d-moves. Finally, the cluster <Y-variety 
A'|[i]^l , constructed from the seed <Y-torus -^[i],^ associated to a double word i is called a right 
truncated cluster X -variety. By Lemma 14.51 there exists a truncation map 1?^ associating 
to every cluster <Y-variety X^i^ its right truncated cluster ^-variety -^[[ijg^i: 

4.3. Dual evaluations and first cluster ^-varieties related to (G, vr*). We use the 

previous truncated cluster ^Y-varieties to start the geometrical combinatorics of the Pois- 
son manifold (G, tt*). For every element x € B^B, let x = [x]-[x]o[x]^ be its Gauss 
decomposition, that is: [x]± belongs to the unipotent parts N± of the respective Borel 
subgroups B± and [x]q to the Cartan part H of G. We will also consider the following 
notations. 

(4.9) [x]_[a;]>o = [x]_[x]o[x]+ = [x]<o[2;]+ . 

Definition 4.9. Let v G W. For every i G R{v,wo), we define the dual evaluation map 
g.^dual . ^^.^^ _^ Q i,y the formula: 

(4.10) evf'^^i(x) = evi(x)S}5 [ev[^'^(x)S^]<^ . 

Dual evaluations will be generalized into twisted evaluations in Subsection 17.21 (We 
refer to Remark 17.41 for more details.) For the moment, let us remember the Poisson 
stratification (12. 7p of (G, vr,,). 

Theorem 4.10. For every v € W, t e H and i G R{v,ujo), the map ev^"^' : X[i]^{t) -^ 
(F^ „,g^-i,7r*) is a Poisson birational isomorphism onto a Zariski open set F^^ ^-1 of 

Theorem 14.101 will be deduced from Theorem 17.91 The synthesis diagram, given by 
Figure [10] and relating, for every n, w G W , the cluster ^Y-variety X^'"" to the double 
Bruhat cell G^''" can therefore be adapted to get a cluster ^-variety Xy<y{t) associated to 
(Fj„,g.u-i,7r*), for every v gW and every t G H. It is illustrated in Figure [T2l (The weird 
terminology for "A'^,<„(t)" and "evt,<„" will be explained in Subsection 17.31 ) Finally, for 
every double word i, let X-^'^^^ C X[{^^ be such that the elements of the set of variables 
x(9^) are pairwise disjoint. It is a Poisson submanifold of X^ij^ because of ()4.5p . Thus, 
the following corollaries are respectively deduced from the second decomposition of (12. lip 
with Theorem I4.10| and Theorem 13.71 with Lemma 14.81 and equation ()4.10p . 
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R{v,wo) 



*iw(*) 




'^[%(*) 



^[%^[Jl<H 








Figure 12. The cluster A'-variety Xv<y{t) associated to (i^i,^,jt,-i, vr^, 



-"dual 



Corollary 4.11. For every i G R{wo,wq), the map evj : A'j 

Poisson birational isomorphism on a Zariski open set of BB^ . 

Corollary 4.12. For any v £W and i,j G R{v,wo), we have eVj 



{BB_,TT^ 



IS a 



-dual 



evr"'o/i[i]^^lj]3,. 



5. T-MOVES, TROPICAL MUTATIONS, AND TWIST MAPS 

We enlarge the combinatorics on double words and on their related seed ,^-tori by 
introducing respectively new moves based on the involution i >-^ i and new birational 
Poisson isomorphisms on seed A'-tori obtained by a tropicalization of the mutation formula. 
This enables us to describe the Fomin-Zelevinsky twist maps and their variations in terms 
on cluster transformations and tropical mutations. 

5.1. T-moves and tropical mutations. We introduce r-moves and tropical mutations. 
From now on, we suppose that for every seed I = (/, Io,£, d), the related matrix e is such 
that Eij is a rational number, for every i,j G I. 

5.1.1. The right and left T-moves. We now consider the map i i— t- i as an involution on 
[1,/] U [T, I]. Let us first enrich the combinatorics on double words. 

Definition 5.1. For every double word i = ii . . .in, let £(1) (resp. 9^(i)) be the double 
word obtained by changing the first letter (resp. last letter) i of i into i: 

2.i^{i) = iii2...in and fHi„(i) = ii . . . i„_ii„ . 

The map i i— )■ iiii(i) (resp. i i-^ IHj^(i)) is called a left (resp. right) r-move on i. (We will 
simply denote these maps i i-^ £(i) and i i-^ 9^(i) when no confusion occurs.) 

Remark 5.2. The set R{u, v) of double reduced words associated to the elements u,v (zW 
is generally stable by neither left nor right r-moves. Even the set of all the double reduced 
words associated to W is stable by neither left nor right r-moves. However it contains 
subsets that are stable. For example, consider the following set R'^{w) associated to any 
w eW. 

R^w)= U R{w''\ww''^) . 

W'<W€:W 

It is stable by right r-moves and will be used to describe the combinatorics associated to 
the dual Poisson-Lie group {G*,'itg*). 
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5.1.2. Tropical mutations. The r-moves on double words lead to a new type of mutations 
on the associated seed A'-tori, called tropical mutations and defined in the following way. 
We first identify Q with the Cartesian product Z x N\{0}, by decomposing every element 
into its numerator p and its positive denominator q with (p, q) = 1, and associate to every 
value Eij of e its numerator bij. So we have bij = Sij unless i,j E /q; let us, from now on, 
suppose that the denominator q is the same for every i,j € Iq. In particular, we recall 
that for every double word i we have 

Then we need an additional data of the set of outlets of a seed. 

Definition 5.3. Let I = (Io,/,e, d) be a seed such that Iq is not empty. A cover <t on 
I is a family of sets Ii, . . . ,/„ C /q such that /q = Uf^^^Ij. (The union is not necessary 
disjoint.) For every k G /q, we denote /o(^) the union 

{i\keU} 

Remark 5.4. Every seed I = {Io,I,e,d) with a non empty set Iq comes from two trivial 
covers, where the first one is obtained by setting /i := Iq, and, on the opposite way, where 
the second one is given by the union Jq = Ukeio{k}- 

Definition 5.5. Let I = {I,Io,e,d) and I' = (/',/'o,e',d') be two seeds with covers, and 
A; € /q. a tropical mutation in the direction k is an involution //^ : I — > I' satisfying the 
following conditions: 
(iK(/o(i))=/'o(i); 

(ii) ^VfeW = ^«; 

(hi) 

{—Sij \i i = k oi j = k] 

£ij ii ij e Ioik)\{k}; 

£ij — Sikbkj otherwise. 
Tropical mutations induce maps between the corresponding seed A'-tori, which are denoted 
by the same symbols fj^k and given by 

{Xk^^ li i = k; 
x^xl'^ ii i e Io{k)\{k}; 
Xi otherwise. 

Remark 5.6. It is easy to see that, as mutations, tropical mutations are involutions. 

Remark 5.7. Here is the reason underlying the terminology for tropical mutation. Fol- 
lowing |FZ021 Example 5.6], let us consider the abelian group (written multiplicatively) 
freely generated by the cluster variables Xi {i a I), given with the addition 

llxrsllx'^:=llxf''^''-'^\ 

ill 

This tropical addition ffl has not to be confused with the tropical addition © in the usual 
tropical setting: a Q b = a + b and a © 6 = min(a, b). But is easy to see that they are 
strongly related: Hi ^T ^ Hi ^i — Hi '^i '■ 
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It turns out that the left and right tropical mutations, associated respectively to left 
and right r-moves £j and 9^j (but not £j and Dh !), with i,j € [1,/] and described in 
the next subsection, can alternatively be defined by the following formula, obtained by 
tropicalizing the mutation formula in Definition 12.81 

Xk^^ if i = k] 



^'^ ^^'-■^'^ \ Xixf'''^+{lSxk)~^''' otherwise. 

The formula ()5.3p has relatives in the cluster algebra literature: 

• The formula covers the mutation combinatorics [FZOTj attached to a labeled Y- 
seed {y,B) defined by y = {xi\i G Iq} and B = {bij)ij(zig. 

• Up to the rescaling e ^ b given by ()5.ip and the choice of direction, the formula 
()5.3p is equal to the monomial part ^^ of mutations respecting to the decomposition 
given in [FOnTbi Section 2.3]. 

• Compositions of mutations and tropical mutations can be used to describe the 
modified octohedron recurrence of Henriques and Kamnitzer |HK06] . The related 
Poisson dynamics on double Bruhat cells involves twist maps and will be given in 
a separated paper ^Bbisj. 

Remark 5.8. Like the amalgamation product, tropical mutations act on cluster variables 
Xj associated to outlets, therefore the commutation between them is not always satisfied. 
In fact a tropical mutation, acting non trivially on a set of cluster variables {xj}j^j 
associated to a set of outlets J, commutes with the amalgamation product if and only we 
have LCiJ = 0, where the set L denotes the set of amalgamation, as given in Definition l2.10l 

Finally, in the same way that mutations and symmetries were respecting the set of 
outlets in the definitions of Subsection 12. 3| we suppose, from now on, that they respect 
covers on seeds. 

Definition 5.9. A generalized cluster transformation linking two seeds (and two seed 
(Y-tori) is a composition of symmetries, mutations, and tropical mutations. 

5.1.3. Left and right tropical mutations. We are now ready to describe the way to relate 
left and r-moves to particular tropical mutations, respectively called left and right tropical 
mutations. 

Definition 5.10. Let i be a double word and recall the subsets /q (i) and Iq{i) of /o(i) 
defined in Subsection l3.2.2l From now on, we will denote I(i) the seed (/(i), /o(i), e(i), d{i)) 
given with the cover 

/o(i) = /o^(i)U/o^(i). 

Proposition 5.11. The following tropical mutations are Poisson birational isomorphisms 
for every double word i = ii . . . i„. 

(5.4) ^(n) • -^i -^ '^^ii) «'^'^ f^t ;" . ) ■ '^i ~^ '^5l(i) ■ 

Proof. The birational part is clear, so we focus on the Poisson part. Let us notice that, 
because right (resp. left) tropical mutations commute with an amalgamated product done 
on the left side (resp. right side), as detailed in Remark 15.131 it suffices to show that the 
proposition is true for i € {i, i}. Consider the case i = i. So we have £(i) = 9'l(i) = i. and 
the equality 6(i) = 2e(i). It is then straightforward to check that the matrices e(i2(i)) and 
e(lH(i)) are equal to e{i). The case i = i is proved in the same way. D 
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Definition 5.12. Let i = ii. . .in be a double word. The tropical mutations given by 
equation (|5.4p are respectively called left and right tropical mutations and we denote the 
associated directions respectively by Of^ and 0^^: 

of, = CcJ) -nd of„ = U>)). 

Remark 5.13. Remark 15.81 can be refined in the following way: tropical mutation in a 
left (resp. right) outlet direction applied to a seed <Y-torus Xi (resp. <Yj) is equal to the 
tropical mutation in the same direction applied to the amalgamated seed Af-torus <^m(i,J) • 

Left and right tropical mutations are easily described on Dynkin quivers. Let us take 
a Dynkin quiver F and let i = ii ... in be the associated double word, so we have F = 
rg(i). In particular, F is obtained by the amalgamation of the elementary Dynkin quivers 
Tg{ii), . . . ,Tg{in). Let us remember the behavior between tropical mutations and the 
amalgamated product given by Remark I5.13t and change the orientation of the arrows 
of Fg(ii) (resp. rg(zm)) if we have a left (resp. right) tropical mutation. We get the 
elementary Dynkin quiver rg(ii), (resp. Fg(im,))- Now, let us perform the amalgamation 

m : Tgih) X • • • X rg(i„) ^ rg(£(i)) (resp. m : Fg(ii) x • • • x Fg(i;;) ^ rg(9^(i))) . 

The resulting quiver F' is therefore the image of F by the left (resp. right) tropical 
mutation. This procedure is illustrated in Figure [T3j 




^il) 





Figure 13. The tropical mutation fin^ : Fas (123121) ^ F^s (123121) 



5.2. Symmetries on seed A:'-tori. In this subsection and in the next one, we define 
involutions on double words, and the related symmetries on seed A'-tori. They will be 
use to describe various automorphisms and anti-automorphisms on the group G. Let us 
recall that the fundamental weights Ui G \]* , given by 0Ji{hj) = 5ij for every i,j G [1,^], 
are permuted by the transformation (—wq). We denote i i-^ i* the induced permutation 
of the indices of these weights, that is uji* = —wo{uJi). This automorphism on the Dynkin 
diagram leads to symmetries on seed A'-tori described by the use of Dynkin quivers: for 
every u,v G W and i € R{u, v) we define the involutions 



R(u,v) 



1-^ 



i* 



op 



R{u,v) 
i 



R{u 



-1 ^,-1 



i-> 



;op 
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in the following way: the double reduced word i* G R{v*,u*) is obtained by transforming 
each letter i of [1,/] U [T, I] into i*, so if i = ii . . . i„ then i* = ii . . .in , and the dou- 
ble reduced word i°P G R{u~^ ,v~^) is obtained by reading i backwards: i°P = in---ii- 
Now, let 

O: R{u,v) -^ R{v*'^,u*'^) 

be the map such that the double reduced word i*^ S R{v*^ , u*^ ) is obtained by convert- 
ing each i into i* and then read the result backwards. Stated otherwise, this transformation 
is defined by the equality 0= op o*. It induces the following symmetry on seed A'-tori. 



(5.5) 



O: Xi 



A'jo 



ljV»*(iO)_jJ 



Remark 5.14. The involutions • and op were already defined on reduced words i G R{wo) 
in [BZOl^ Equation (3.1)]. Moreover, the notation O for the last involution on double 
reduced words symbolizes a rotation of 180 degrees performed on the quiver rg(i), as 
illustrated in Figure [T5l 




Figure 14. The * involution on F 



As 





Figure 15. The involution O: F^a (123121) ^ Fa^ (323123) 

In the same way, to any double word i, we associate the double word i^ obtained by 
reading i backwards and applying the involution i i— )■ i on every letter of the result. In 
particular, for every u,v (zW we get an involution 

D: R{u,v) -> R{v-^,u-^) . 

This involution first induces a symmetry on the related seed: it corresponds to a rotation 
along the vertical axis passing by the center of the Dynkin quiver Fg(i), as illustrated in 
Figure [THl It also induces a symmetry on seed A'-tori, also denoted D and given by: 



D : Xi 

"0 



X( ^ N 
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Figure 16. The involution D : r^g (123121) ^ T^g (121321) 



Here are now some related isomorphisms on (G, ttq)- Starting with an elementary double 
word i € {l,i,i}, where i € [1,^], and then applying the properties of the amalgamation 
product, we easily prove the following results. 

Lemma 5.15. Let u,v (^ W and i € R{u,v). For every cluster x E X^, let x* G A'j* be 

the cluster such that the following equality is satisfied. 



woevi{x)wQ =evi*(x*) 



Then we have 
(5.6) 






a) 






z/0 = j/iV^*(i) orQ^j = N'\\)- 



Lemma 5.16. Let u,v & W and i G R{u,v). For every cluster x G X^, let x°p G ^jop be 
the cluster such that the following equality is satisfied. 



Then we have 



-X 



-1 



^op 



evi(x)"i = eviop(x°P) . 

ifQ = j-L N\\) or0^j = iV*(i); 



(iVHi)-j) 
x7 , . otherwise. 



Let us denote k : G x G ^ G the composition of the conjugacy map associated to the 
first argument g G G and the inverse map x i— > x~^ for the second argument x G G, that 
is: 



(5.7) 



-i„-i 



K : {g, x) ^ gx g 



Proposition 5.17. For every u,v (^ W, i G R{u,v), and every x G <-fi, the following 
equality is satisfied: 

K{wo,evi{x)) =evio(x'^') . 



Proof. The involutions defined by Lemma 15.151 Lemma 15.161 and equation (j5.5p on seed 
Af-tori clearly imply that the relation 0= opo* remains valid on seed Af-tori. Therefore 
Lemma 15.151 and Lemma 15.161 lead to the researched equality. D 
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5.3. Chiral dual and other involutions. We introduce other involutions on double 
words. These ones will be directly useful to describe the combinatorics associated to the 
twist maps. 

Definition 5.18. |FG07bj The chiral dual of a seed I = {I,Io,e,d) is the seed I^ = 
(/, /q) —s,d). Chiral dual induces an involutive map between the corresponding seed X- 
tori, which is denoted in the same way and given by xqu\ = x~ . 

Remark 5.19. It can be checked that the chiral dual commutes with cluster transforma- 
tions but not with tropical mutations. 

The chiral dual leads to the following involution on double reduced words, also de- 
noted O- For every u,v ^W and every double word i € D{u,v), let iO G D{v,u) be the 
double word obtained by applying the map i i— > i as a homomorphism on the double word 
i. It is clear that the double word iO is reduced if and only if i is reduced. The following 
result is immediate. 

Lemma 5.20. For every double word i, the chiral dual I(i) of the seed I(i) associated 
to the double word i is the seed I(i'^) associated to the double word iO. 

Here is now the link with the group G. Let us recall that the involutive Cartan group 
automorphism 6 : G ^ G : x ^ x^ is the map given by 

(5.8) a^ = a-^ £ H, E'^ = F\ F'^ = E\ 

Proposition 5.21. For every u,v € W and every double reduced word i € R{u,v), the 
following diagram, commutes. Its vertical edges are labeled by birational Poisson isomor- 
phisms whereas its horizontal edges are labeled by birational anti-Poisson isomorphism's. 

O 

Xi A'io 



evi I j ev.Q 



Proof. Because the involution Q commutes with the amalgamated product, which in- 
tertwines the product on G via the evaluation map by equation (j3.5p , and because ^ is a 
group automorphism for this product on G, we just have to focus on the case i € {i,i}. 
The result is then easily derived from the definition of the involutions Q ^^id ^) ^^^ the 
formula (1331). □ 



5.4. Generalized cluster transformations and twist maps on (G, vrc). In this sub- 
section, we use generalized cluster transformations to give the cluster combinatorics un- 
derlying the Fomin-Zelevinsky twist maps. 

5.4.1. Tropical mutations and twist maps. To i £ [1,Z] U [1,1], we associated the positive 
letter |i| E [1,/] given by the formula 

(5.9) \i\ = l '- if^e[i'^]; 

^ ' ' ' \ i otherwise . 
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Let Wjw' S W. We denote w ^- w' ii and only if we can find a letter i G [1,/] such that 
w = Siw' and i{w) = i{w') + 1, and denote < the right weak order on W ^ i.e. w' < w ii 
there exists a chain w —)••••—)• tu'. 

Let us recall that for every w' <w, a, reduced word i = ii . . . ii(w) G R{w) is said to be 
adapted to w' if we have the equality Sj^ . . . Si , = w'. We extend this notation to every 
double word i = ii . . . i„ by setting |i| := |ii| . . . \in\- 

Definition 5.22. Let e < wi < u, e < -0)2 < v G W. A double reduced word i = ii . . . i^ € 
R{u,v) is said to be £,-adapted to wi (resp. D\-adapted to W2) if the reduced word 

\ii... it[^^) I e R{wi) (resp. I V(„)+£(^-i^)+i • • • i(.{u)+i{v) I S R{w2)) 

is adapted to wi (resp. adapted to W2)- And the double word i is (1111,102) -adapted if it is 
^-adapted to wi and 9^-adapted to W2- In particular, a (wi, W2)-adapted double reduced 
word is (i(;'^,i(;2)-adapted for every w'l < wi,'W2 < 'W2- 

For example, the double reduced word i = 212 is H-adapted for the elements S2, S2S1 G 
W, 9^-adapted for S2, {s2Si, S2)-adapted, and (s2, S2)-adapted; whereas the double reduced 
word j = 221 is neither U-adapted, nor 9^-adapted, hence nor (zi)i,i(;2)-adapted, for any 

wi,W2 € W. 

Remark 5.23. For every u,v (z W, if the double reduced word i € R{u,v) is {u,v)- 
adapted, then its first £{u) letters (resp. £{v) last letters) are negative (resp. positive) and 
give a reduced expression for u (resp. v). Moreover, the following assertions are equivalent 
for every double reduced word i G R{u,v): 

• the double reduced word i is {u, t')-adapted; 

• the double reduced word i is i2-adapted to u; 

• the double reduced word i is 9^-adapted to v. 

Proposition 5.24. The following equalities are satisfied for every u,v & W , every {u,v)- 
adapted double word i = ii . . . i„ € R{u, v), and every x € A'i. 



[evi(x)t' i]<o = [evwi)0^, ,„ ^(x)si„v i]<o 
[2"^evi(x)]>o = [s;^~-^ev£(i)0^^,^J^j(x)]>o . 



Proof. Let us remember the map ipj : SL(2,C) M- G defined in Subsection 12.11 For any 
nonzero t € C and any i € [1, Z], let us denote 

(5-10) Xi{t) = <^i ( Q ^ j , x-^{t) = Vi{ ^ ^ 

For every j G [1, 1], the following equality, easily checked on SL(2, C) by elementary matrix 
calculus, can be extended on G using the map ipj of Subsection 12.11 

(5.11) sf\^{t) = xj{-t-^)t''^Xj{t-^) . 

Using the definition of tropical mutation, and the fact that tropical mutations commute 
with the amalgamated product according to Remark 15.131 we deduce: 

(5.12) sTi'^ evi(x) = xj^{-x^^.) ev^^i) o/i(n)(x) . 

Moreover, we have the inequality £{si-^u) < i{u) because the double word i is £-adapted 
to u. This inequality implies that Si^~ x^{t)si^ G A^_ for every t G C. Therefore the 
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second equation is proved. The first equation is proved in the same way, using the following 
equality instead of (|5.1ip . 

(5.13) Xi{t)s^ = xj{r^)&Xi{-t-^) . 

n 

Definition 5.25. [FZ991 Definition 1.5] Let u,v ^ W. The twist map Q'^ : x i-)- x' is the 
map defined by 

(5.14) x' = {[u-^x]Z^u-^xv-^[xv-^]^^f . 

Because of |FZ991 Theorem 1.6], the right side of ()5.14p is well defined for every x G G'^''" 
and the twist map Cg'^ establishes a biregular isomorphism between G^'"" and G" ''" . 
Let us define the related map 

(5.15) Q ■ G ^ ^ G ^ 

X I — > [n^-'-x]! u^^ xv^'^\xv^^\]^ . 

So we get the equality Q'^ = 6 o (■"'■". Let us notice that for every x € G^'^ and y G G^'^ 
we have the relations ("^'^(x) = [n~^2;]>o and (^'""{y) = [yv]<o. 

Remark 5.26. Because the map (j5.15p will appear a lot in what follow, it will be useful 
to denote it also by the expression "twist map". When we will need to avoid confusion, 
we will refer to the map (|5.14p as the "Fomin-Zelevinsky twist map". 

5.4.2. Generalized cluster transformations and twist maps on [B±,ttg)- We are going to 
describe twist maps at the level of seed A:'-tori. Let us start to associate a generalized 
cluster transformation to any twist map on {B±,ttg)- To do that, we first need to sharpen 
the preceding involution D on double words. For every positive reduced word i = ii . . .i^, 
every negative reduced word i = ji ■ ■ ■ jn, and every k € [1, n + 1], we introduce the double 
words 

('5 16) i(^) = i(^)-i(^)+ where i{k)+ = ii . . .i^-i and i{k) _ = i_n_. . . i_k_ 

iik) =i{k)-i{k)+ where j(/c)+ = jfc_i . . . ji and j(A;)_ = jfc • • • jn ' 

The following insight on these double reduced words will be developed in the next section, 
by considering the Vl^-permutohedron. It is derived from an easy induction on the number 
k € [l,£(u;)] that appear in the statement. 

Lemma 5.27. Let w € W, i = ii...i£t^\ E R{l,w) be a positive reduced word, and 
w>k = Sjfc ■ ■ ■ ^ie(w) ^^ ^^^ element of w associated to any k € [^^k]. The double reduced 
word \{k) belongs to the set R{wZ,j^,wwZ,f,). 

Remark 5.28. The involution D on positive or negative words is rediscovered from equa- 
tion (|5.16p because of the following equalities i = i(n+l),j =j(l) and i^ = i(l),j^ = j(n). 

Example 5.29. Let us choose the positive reduced word i = 121 G i?(l, wq), when g = A2. 
We then get the following double reduced words i(4) = 121, i(3) = 112, i(2) = 121, and 
i(l) = 121. In the same way, if we consider the negative double word j = 121 G R{wo, 1), we 
get the following double reduced words j(l) = T2T, j(2) = T21, j(3) = Tl2 and j(4) = 121. 
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For every positive reduced word i = ii . . .in, every negative reduced word j = ji ■ ■ ■ jn 
and every k £ [l,n], we define the generalized cluster transformations Ci{k) '■ -^{{k) ~^ 
'Vi(k-i) and Cj(fc) : "^iik) -^ '^j(fe-i) by the following formulas 

(5.17) and 

Example 5.30. Here are the generalized cluster transformations related to the double 
reduced words of the previous example. 

Ci(4) = M(i) ° ^(1), Ci{3) = M(2), Ci(2) = ^(1) , 

and 

<){i) = ^(i) ° ^Q' Cj(2) = ^Q, Cj{3) = Mg • 

Corollary 5.31. For every u,v £ W, i € i?(l,u) and j € R{u, 1), the following maps are 
Poisson birational isomorphisms. 



(5.18) 



Ci(>fc) : '^i > '^i(fe-l) Cj{<fc) : -^j > -^JCA:-!) 



X 



Ci{fc)°---°Ci(n)(x) X I > Cj(fc)0---oCj(l)(x) 



Proof. We use Proposition 15.11] equation (|5.17p . and the fact that mutations are Poisson 
birational isomorphisms. D 

Remark 5.32. The generalized cluster transformations (|5.18p will be used in Section [9] 
to describe the unipotent parts of the dual Poisson-Lie group {G*,ttg*). 

Example 5.33. Let us keep the positive reduced word i = 121 G R{l,'Wo), when g = A2. 
The generalized cluster transformations associated to the double reduced words of the ex- 
ample above are then the following. (We denote x G <¥; the cluster {xn\ , xn\ , xn\ , x/2\ , xp\ ).) 

/Xg(l + X(j)), X^/^, X^l^(l + X(.)), 
Ci(>3)(x) =Ci(3)(x) = 



Xg(l + X(.)), X^/^, X(.)(l + X(,); 



Ci(>2)(x) =Ci(2)°Ci{3)(x) 



XpN (i + X/iN j , X ,2\X , 



Xg(l + X(.)), X^/^, X^l^(l + X(.))-\ 
Ci{>l)(x) = Ci(l) o Ci(2) ° Ci(3)(x) 

Special cases of the generalized cluster transformations (|5.18p are given by the following 
birational Poisson isomorphisms. These are the ones that we are going to associate to twist 
maps on {G,ttg). 

(5.19) Ci : Xi ^ X-p : :x. ^ Ci(>i){^) and Cj : -^j ^ -^jD : x ^^ (](<£(«)) (x) . 
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Proposition 5.34. Let w' < u,w < v ^ W, i G R{w'~ u,w'^ ) and] G R{w~^ ,vw~^) 
be double reduced words respectively {w'^ u,w'^ )-adapted and {w~^ ,vw~^) -adapted. The 
following equalities are satisfied for every cluster x € ,^i and y E A^ ; 

[w'-^u evi(x)]>o = eVini^o(i_(x) and [evj(y)tt;t'-i]<o = eVj^n o(j+(y) . 

Proof. Let w (zW and j E [1, /] be such that w < wSj < v for the right weak order. The 
fohowing equahty is satisfied for every g E G"'^. 

[sj'^[w''^g]>o]>o = [sj'^w''^g]>o . 

An induction on the length of v, involving at each step the equation (j5.12p . Theorem 13.71 
and the definition (|5.19|) leads to the second equality. The first equality is proved in the 
same way. D 

Corollary 5.35. For every u,v € W, every (double) reduced words i E R{l,u) and 
j E R{v, 1), and every cluster x E -^i and y E Aj, the following equalities are satisfied: 

(5.20) [S-i evi(x)]>o = eViO oCi(x) and [evj(y)u~i]<o = eVjO oCj(y) . 
Proof. We apply Proposition 15.341 with w = w' = e. D 

Corollary 5.36. The following equality is satisfied for every v (^ W and every reduced 
words i, j E R{1, v), or i, j E R{v, 1) 

fJ-iO^p o Ci = Cj o ^i^j • 

Proof. We suppose that i,j E R{l,v). Let us recall that the involution D maps double 
reduced words to double reduced words, and that the evaluation map evj associated to any 
double reduced word j is birational because of Theorem 13.41 Therefore an equality y = z 
between cluster variables on X^n is satisfied if and only if the equality ev;n (y) = ev;n (z) 
is satisfied on G. Now, it suffices to apply Theorem 13.71 and the second equation of (I5.20|) 
to obtain the following equality for every x E Xi. The case i, j E R{v, 1) is proved in the 
same way. 

eViD oCi(x) = [evj o^i_^j(x)t;~i]<o = eVjO oQ o /ii^j(x) = eViO o^jn^jD o Q ° Mi^j(x) • 

D 

5.4.3. From twist maps on {B±,Trc) to twist maps on (G, vtg). We are now ready to give 
the generalized cluster transformations associated to any twist maps on (G, no)- For every 
double word i, let i+ and i_ be respectively the words obtained by erasing all the negative 
and positive letters of i, without changing the order of the remaining letters. The word 
i+ (resp. i_) is called the positive part (resp. negative part) of i. In particular, the 
double word i is linked by compositions of mixed 2-moves to the double words i+i- and 
i_i+. (This definition is compatible with the notation used in equation (|5.16p .) Following 
Corollary 15.361 we then introduce for every i E R{u, v) the maps Ci ^ -^i ~^ -^la and 
Ci : Xi -^ ^iop by the following formulas and state the main result of this subsection. 

(5.21) Ci = fJ-iDp^p o Ci_ o Ci+ o ^i^i_i^ and CiQ = O ° Ci ■ 
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Theorem 5.37. For every u,v (zW and every double reduced word i € R{u,v), the fol- 
lowing diagrams are commutative. All edges of the left diagram, are Poisson hirational 
isomorphisms, whereas vertical edges of the right diagram are Poisson hirational isomor- 
phisms and horizontal edges are anti-Poisson hirational isomorphisms. 



Xi 



Ci 



X-^n 



ev.Q 



/-u,v 




evjop 



Proof. Let first notice that Proposition 15.21] and the definition of C"''' and Cg '^ imply that 
the commutativity of the right diagram can be derived from the commutativity of the left 
one. So, let us focus on the left one. The cases {u,v) = {u,l) and {u,v) = {l,v) are 
proved by Proposition 15.341 Moreover, among all the remaining cases, it suffices to prove 
the case i = i_i+ (with i_ € R{u, 1) and i+ € R{l,v)), because of the definition ()5.2ip of 
Ci and Theorem 13.71 The demonstration relies on the following equality (j5.22p . borrowed 
to |GSVn31 Theorem 3.1]. For every x G G"''^, the definition (l5l5D leads to: 



C'^'ix) 



[u ^x]_ u ^xv ^[xv ^]_,_ 



(5.22) 



[u ^[x]_[x]q[x]+]q[u 1[x]_[x]o[x]+]_^(x ^x)v ^[xv 



-11 



u 



u 



[X <o 



x\ 



x\<x 



XV 



-11 



\x\^x ^[x]^[[x]>ov 1 



<o 

<0 



FJ<Oj>oL 

Let i = i_i+ € R{u,v) and x G Xi, x_ G Xi_, x+ G Xi^ be the cluster variables such that 
the equalities x = evi(x) and m(x_,x+) = x are satisfied. We start by introducing the 
following maps ttj : ^j ^ ^i, for every double word j, given by: 



(5.23) 



IT- 



J • 



X 



X, 



'^i((j)) (o) (J (iVHi)) 



We use these maps to define the elements x<o G Xi_ , xq G -^i and x>o G Xi^ related to 
X in the following way. (The associated equalities are easily proved.) 



(5.24) 



x<o = m(x_,7ri_^(x+)) , xq = vri(x) 



and x>o = m(7ri_(x_),x_| 



|2;J<o = evi_(x<oJ , [xJo' = evi(x^) and [x]>q = evi^(x>o) 



1-1 



From Remark 15. 131 we now get the following relations: 

Ci-(x<o) =m(Ci_(x_),7ri_^(x+)) and Ci+(x>o) = iTi(7ri^(x_), Ci+(x+)) ; 

Ci(x) = Ci- oCi+(x) =m(Ci_(x<o),xO,Ci^(x>o)) = Ci+ oCi-(x) . 
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Proposition [Ol and equalities ([522]), ([Oi]) then lead to C''(evi(x)) = eVin(Ci(x)). 
Finally, the Poisson and birational statements are clear from Theorem 13.71 Proposition 
15.351 and Proposition 15.211 D 

6. r-COMBINATORICS, VF-PERMUTOHEDRON, AND EVALUATIONS ON (G, TTg) 

We will refer to t- combinatorics as the combinatorics on double reduced words gener- 
ated by generalized d-moves and enriched with right tropical moves. The idea is to prepare 
the ground for the cluster combinatorics related to twisted evaluations and dual Poisson- 
Lie groups, developed in Section [HI Here, we associate a family of cluster A'- varieties to 
every double Bruhat cell G^'^ by linking cluster A'-varieties with tropical mutations via 
the VF-permutehedron associated to the Lie algebra q. 

6.1. The ly-permutohedron, f-paths and 4,-paths. We recall here that any reduced 
expression of any element of W can be described as a monotone paths on a particular 
polytope: the VF-permutohedron. (or moment polytope, or weight polytope |P05j ). Let 
us recall that A denotes the integer weight lattice associated to g and denote Ar = A (g) M 
the weight space. The roots in 11 span the root lattice L C A. The associated Weyl group 
W acts on the weight space Ajr. For x G Ajr, we can define the W -permutohedron Pw{x) 
as the convex hull of a Weyl group orbit: 

Pwix) := ConvexBull{w{x)\w eW) C Am- 

For the Lie type An, the W^-permutohedron Pwix) is the permutohedron P„+i(x) defined 
as the convex hull of all vectors obtained from {xi, . . . ,Xn+i) by permutations of the 
coordinates: 

Pn+i{xi,...,Xn+i) := ConvexHuU((x^(i),...,2;^(„+i))|t(; G Sn+i). 

From now on, we fix a generic x S Ak such that the associated VF-permutohedron Pw{x) 
has maximal dimension. This VF-permutohedron will be (abusively) denoted Pw- It is 
well-known that we can label vertices and edges of Pw respectively by the set of elements 
of W and the set of elementary reflections Sj G S" that generates W, in such a way that 

• every vertex has a different label; 

• every labeled vertices wi and W2 of Pw are related by a labeled edge Sj if and only 
if the equality 71)2 = wiSi is satisfled. 

In particular, the number of vertices of Pw is given by the cardinal of W. When we 
draw a picture of the VF-permutohedron Pw, the bottom vertex can be associated with 
the identity element 1 G W, so that the top vertex is the longest element wq £ W. As 
remarked in [FR07| . a reduced word for w then corresponds to a path along edges from 
1 to w which moves up in a monotone fashion. Let us call "[-path a path along edges of 
Pw which moves up in a monotone fashion on Pw- In the same way, a path which moves 
down in a monotone fashion will be called a X-path. A ^-path relating the vertex w to the 
vertex w' is called aw /" w' -path and the corresponding J,-path is is called a.w'~\ w-path. 
In particular, a f-path along edges from 1 to if is called a '\yj-path. The following result is 
clear. 

Proposition 6.1. Let u < v £ W . The u /^ v-paths (resp. v \ u-paths) are in bijection 
with reduced expressions of the element vu~^ G W (resp. uv~^ G W ). In particular, for a 
given w G W, the number of ^^-paths is equal to the number of reduced expressions ofw. 
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Some t-path and J,-path on the permutohedron P3 are given by Figure [T71 Let us notice 
that the t-path at the left of Figure [T71 is a tsiS2"P9't^ ^^^ ^^^^^ i^ is ^^^ only one. In fact 
the only w G W such that the related tio-path is not unique is w = wo and there are then 
two two -paths. 



S1S2 




S2S1 



S1S2 




S2S1 



Figure 17. A f-path and a J,-path on the P^-permutohedron P3 



6.2. The set R'^{w). It turns out, as seen in Remark 15.21 that we can defined stable 
subsets R'^{w) of double reduced words. In fact, their combinatorics, involving right r- 
moves and generalized d-moves (or left r-moves and generalized d-moves) is given by the 
ly-permutohedron associated to g. In this subsection, we choose to focus on the right 
r-moves, but the same combinatorics could be developed by considering left r-moves. 

Definition 6.2. Let i be a double word. A right dT -move (or simply a (T -move) on i is 
given by one of these transformations: 

• a generalized d-move; 

• a right r-move. 

For every w G W , let R'^{w) be the set of all the double words obtained from a word 
i € R{l,w) by composition of d'^-moves. (The choice of the double word i doesn't matter, 
because of Theorem 13.11 ) 



It is easy to see that this definition coincides with the one given in Remark 15.21 the set 

'~ "* for every w' <w ^W , that is 



R(w' , WW 



')■ 



R'^{w) is the union of the disjoint sets R{w' ,wW 
(6.1) R^{w) = U 

w'<w€:W 

(In particular, to every i G R'^{w) there exists w' gW such that i G R{w'^ ,ww' ).) 

In the same way Lemma 13.51 relates generalized d-moves to the set R{u, v) of double 
reduced words associated to the elements n, u G W, the link between cf^-moves to the set 
R'^{w) associated to w G VF is the following, whose proof is immediate. 

Lemma 6.3. A double reduced word j G R'^{w) can he obtained from a double reduced 
word i G R'^{w') by a sequence of d'^ -moves 51^- if and only if the equality w' = w on W 
is satisfied. 
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The link between double reduced words and the set K^^w) given by equation (j6.ip can 
be strengthened by relating E7'{w) to the vertices of the VK-permutohedron in the following 
way. Let us recall that to i G [1,Z] U |T,I], we can associate the positive letter \i\ G [1,/] 
given by the formula (I5.9p . Let us denote, for every double word i = ii...in, lH|j^|(i) 
(resp. £|jj|(i)) the result of a right (resp. left) r-move on i. 

Lemma 6.4. We have the following statements for every w € W . 

• The set R'^(w) is the disjoint union of the labels R[w''^ ,ww' ) associated to the 
vertices w' of the W -permutohedron Pyy that are crossed or reached by a '\w-path. 

• Two labeled vertices R{u,v) C R'^{w) and R{u',v') C R'^{w) of Pw are related 
by the edge Sj if and only if there exist double reduced words i G R{u, v) and 
j G R{u',v') such that J = IHj(i). 

Proof. Let W^ C W he the set of elements w' such that w' <w. Noticing that the map 



W,, 



R^(w) 



w 



^ R(w'~ 



,ww 



is a bijection for every vu G W, the first statement is 



just a translation of equation (]6.ip . So let us consider the second statement. It is easy to 
see that if double reduced words i G R{u, v) and j G R{u', v') are related by a right r-move 
9^j, then there exist wi and t(;2 such that i G R{wi~^ ,wqWi~^) and j G R{w2~^ ,wqW2~^) 
and W2 = wiSj by using Lemma [5.271 Now, if the vertices w[ and w'2 are linked by the 
edge Sj , we have the equality W2 = w[ Sj . The associated set of double reduced words are 
therefore R{w'i~ ,wow['^ ) and R{sjw'i~ ,woSjw'i~ ), and we still use Lemma [5.271 to get 
some double reduced words i and j such that j = 9^j (i) . D 



Example 6.5. Let q = A2. Figure] 
the permutohedron P3. 



I gives examples of sets R'^{w) and their link with 






R{wo,l) 






«l/ \ 9^2 




R{siS2,Sl)^ 




^ R{S2SI,S2 


5R2 




9ll 


R{si,SlS2) 


\ / 


R{S2,S2SI 



R{l,S2Si) Ril,wo) 

Figure 18. The sets R'^{s2Si) and R'^{wo) when g = A2 



6.3. The family X'^^'^' of cluster ^-varieties related to G^'^. The same ideas can 
be applied at the level of cluster A'-varieties. Let us remember the notations of Definition 
15.121 To any double reduced words i, i' G R'^{w) such that there exists a cf^-move (^ : i — > i' 
we associate the generalized cluster transformation fJ-l^^i : Xi — )• X^i given by 

• the cluster transformation /Ui^j/ if (5 is a generalized d-move; 
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• the tropical mutation fi^m if 5 is the r-move 9^,,. 

We extend this definition to every i, j G E7{w) in the following way. If i, j are double words 
linked by a sequence 5l^- of d'^-moves and i — >■ ii ^ • • • — )• in_i ^' j is the associated 
chain of elements, we define the map /^il^: as the composition ^T _^j o • • • o ^"[^-^ . 

Because the birational Poisson isomorphism /if_^j : Xi ^^ X-^ associated to such a se- 
quence lil^- is a generalized cluster transformation for every i, j G R'^{w), we get a family 
of cluster A'-varieties X^i^ associated to the set R'^{'w) and related by tropical mutations, 
that we denote X^. The combinatorics is in fact encoded by the VF-permutohedron P\y, 
as stated by the following result, straightforwardly deduced from Lemma |6.4[ 



Lemma 6.6. Let w € W . Replace each label w' aW of a vertex of the W -permutohedron 
Pw by the cluster X-variety X'^ '""" . We then have the following properties. 

• The family X^ of cluster X -varieties contains the cluster X-variety X'^ '""" 
associated to any w' aW of the W -permutohedron that can be crossed or reached 
by a \w path. 

• For every i € [1, /], if two vertices respectively related to the labels X"^'^ , A'" ''" C X^ 
of Pw are related by the edge Si G W , then there exist two double reduced words 
i, j G R'^{wo) such that the associated seed X-tori Xi and Xj are related by the right 
tropical mutation fi^^i associated to i. 

We finally define new evaluation maps to associate the family X^ to every double Bruhat 
cell G^'^. To any w G W and any double word i G R^{w), we associate the evaluation 
map ev[ : Xi -^ {G^'^jTTg) by the formula 

(6.2) ev[(x) = [evi(x)tt;'w~i]<o, for every x G <Vi . 

Lemma 6.7. For every w (zW and every i G R'^{w) the map ev^ is a birational Poisson 
isomorphism on a Zarisky open set ofG^'^. 

Proof. Let us recall from |FZ991 Theorem 1.6] that the map g i— ?> [guJ]<o is biregular on 
G^'^. Therefore the statement is implied by Theorem 13.41 and Proposition 15. Ill D 

Lemma 6.8. For every w (z W and every i,j G R'^{w), the equality evT = ev^ o/il^. is 
satisfied. 

Proof. Derived from Theorem 13.71 and Proposition I5.24| involving respectively cluster 
transformations and tropical mutations. D 

When Q = A2, a synthesis of this section is provided by Figure [T21 

7. Twisted evaluations, {wi,W2)v-m^ps, and cluster varieties related to 

(G,7r,) 

We continue the evaluation procedure for dual Poisson-Lie groups started in Section HI 
For every v G W, we introduce a new set D{v) of double words, containing the set R{v, vuq). 
To each double word i of this set, we associate a twisted evaluation evj : -^[i],, -^ G, which 
then generalized the dual evaluation of Section [H These twisted evaluations are obtained 
by composing the Fock-Goncharov evaluation maps of Section [3] with new maps called 
{wi,W2)v-'m'0-ps, where for wi = W2 = e, we rediscover the Evens-Lu morphisms |EL071 
Section 5] . We then use the r-combinatorics of Section [6] with the truncation maps of 
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Ris2Sl,S2) X'^'^'"^' 

R{s2,S2Sl) ^si,siS2^ 
'9\2 

R{l,wo) 
Figure 19. The set R'^{wq) and related cluster Af- varieties when Q = A2 




Section d] to get a family of cluster A'-varieties X^ , associated to each element w oi W 
parameterizing (BB-,tt^). In particular, setting it; = e, we rediscover the result of Section 
m (The way to relate these cluster A'- varieties will be given in Section [8] by introducing 
the birational Poisson isomorphisms on seed A'-tori called saltations.) 

7.1. The (wi, i(;2)t,-maps. The following (toi, W2)t.-maps generalize the Poisson birational 
isomorphisms studied in [EL071 Section 5], which link direct products of double Bruhat 
cells and double reduced Bruhat cells to Steinberg fibers. Let us remember the involution 
i \-^ i* on double word Now, let w G W and s,^ ■ ■ ■ Si„ be a reduced decomposition of 
w, then w* (z W is the element given by w* = Si* . . . Si* . (Using the Tits theorem, it is 
easy to see that the result doesn't depend on the choice of the decomposition of w into 
simple reflections.) Remember the notation (j4.ip for double reduced Bruhat cells. We 
denote ttgxG the Poisson product structure on the manifold G xG induced by the Poisson 
manifold {GjTTg)- For every wi <v,W2& W, let ((G, L)^"'^'"'^^",7r(-^^ „,2)„) be the quotient 
of the direct product (G'"i~'''''"i'' xG^'^^'-^'o'^a'^vrGxG) by the H x iJ-right action given 

by 



(7.1) 



with 



[91,92) -{hi, h2) = (51^1,^1^52/12) 
gi € G""*^'' ''""^\ 52 G G"'2~'."'o«'2"\ and hiM G H. 
In particular, when 1^1 = 1; and W2 = e, the quotient set (G, L)^"'^'"'^-^" is the set L^'^o. 



Definition 7.1. Let wi < v,W2 G W. The {wi,W2)v -right map Q(wi,w2)v ^^^'^ the 
{'Wi,W2)v-left map X(wi,w2)v ^^^ defined by the following formulas 



and 



Q{wi,w2)v • (G*, -C') 

'^(m;i,ui2)„ • {G,L) 



(101,102)1, 



(101,102)1, 



L"'0'^"'i : ih, bH) ^ bi[biiJ^o]<oH , 
L-i"''-o : {bi,bH) ^ bi[[bv^o]%wo]%H 
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where 9 denotes the Cartan involution on G given by (j5.8p . For every t € H, the {'Wi,W2)v- 
maps (or simply {wi,W2)-maps when no confusion occurs) are then the maps given by 

Example 7.2. The (tt^i, tt;2)i)-niaps associated to g = ^2 are obtained in the following 
way. Let us first describe, for every v G W, the set W<v of elements wi G W such that 
t(;i < V. They are the following: W<e = {e}, Wks^ = {e,Si}, W<s^sj = {e,Si,SiSj} and 

W<s^sjs, = W, i,j G [1,2] being different numbers. Then, let gi G G""*^'' ''"'"^\ b G G^'^'o, 
g G G^i-'^'^i, g' G G'^'^J''*' and c G G^°'^; the different (t(;i, W2)i.-niaps are given by 

Pt,iwi,e)A9i,b) = gib twi {gi[bwi]<o)~^ ; 

Pt,iu,i,s,)A9i,9) = 9i[[gsJsi\'^^QW^f^Q tvTo {gi[gsJsi]<o)-^ ; 
Pt,iwi,s,sj)A9i,9') = 9i[[9'si\<o'^]<ot'^ i9i[9'si]<oy^ ; 

Pt,{wi,wo)A9i,c) = gi[c^w^f^Q tuH) {gicy^ . 

The way to relate the geometries of (G, ttg) and (G, vr*) is given by the following result, 
which is directly deduced from Theorem l3.4l Lemma [7. 81 and the forthcoming Theorem l7.91 

Proposition 7.3. For every t G H and wi < v,W2 G W, the {wi,W2)v-''nO'P Pt,{wi,w2)v 
is a birational Poisson isomorphism of {{G,Ly^^''^^''" ,TTiyj^^^\^) on a Zariski open set of 

Remark 7.4. For every v G W, the (e, e)„-maps are the maps denoted fip in |EL071 
Section 5] and Proposition 17.31 below then rephrases |EL071 Corollary 5.11]. Another 
interesting case is given by tui = t; and W2 = e; in this case, the related (tt;i,t(;2)D-niaps 
are the following maps, strongly related to the dual evaluations of Section [H 

Pt,(v,e), ■■ {L''''"°,TTg\h) -^ {Ft,wov-i,T^*) 

gH ^ guTo t [gw^]<l 

Indeed, the equality ev^"^' = Pt^(v,e)y ° ev?^'^ is clearly satisfied on X[{^^{t) for every t £ H 
and every i G R{v,wo). 

7.2. Twisted evaluations on (G, vr^,). As it will be stated by Lemma [7. 8 1 a composition 
of evaluations and reduced evaluations with (t(;i,i(;2)i)-maps leads to a generalization of 
dual evaluations, called twisted evaluations and given by the formula ()7.4p . But, before, 
we introduce new sets of double words, denoted W{wi,W2)v, and a new operation on seed 
A'-tori called <Y-split, as preliminaries to the definition of twisted evaluations. 

Definition 7.5. Let wi < v,W2 G W. A {wi,W2)v-'uJord i is a double word linked to a 
product iii2, with ii G R{wi~ ,vwY ) and i2 G R{w2~^ , wo'W2 ), by a sequence of mixed 
2-moves. The product iii2 is called a trivial {wi,W2)v-word and the decomposition (ii, i2) 
associated to i is called the {uii,W2)v -decomposition of i. (For example, every (e, e)t,-word 
is a trivial (e, e)t,-word.) The set of (i^i, w;2),;-words will be denoted W{wi,W2)v 

In particular, the set R{v,u)o) is the set of (u, e)„-words. Let D{v) be the (disjoint) 
union over wi < v,W2 €W of all the (wi, w;2)t;-words. 

D{V)= l_\ WiuJuVU2)v . 

Wi<V,W2S:W 
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Therefore, we have the inclusion R{v,'Wo) C D{v) for every v € W. 

A complete description of the sets D{v) will be given in Subsection 18.11 via the W- 
permutohedron. Here is, for the moment, an example with Q = A2 and v = Si. The 
associated sets R{wi~ , f tf j~ ) and R{w2~^,wqW2 ) are then given by the following list. 

i?(l,si), -R(s2,l) and R{1,wq), R{si,siS2), R{siS2,si), 

R{s2,S2Si), R{S2SI,S2), R{wo,l) . 

Trivial {wi,W2)v-'^oids are therefore products iii2 of some double words 

iiG{l,2} and ia G {121, 212,Tl2, lT2, 12T,T21,Tl2, lT2, 221, 221, 212, 2T2, 

22T,22T,T2T,2T2} . 

We then introduce a new operation on seed A:'-tori that will be useful to describe the 
oncoming combinatorics related to the following twisted evaluations. 

Definition 7.6. A split of a seed I is a pair of seeds (Ii,l2) such that I is their amalga- 
mated product, that is I = m(Ii,l2). An associated X-split is a section of the amalga- 
mation map m : Xi^ x Xi^ -^ Xj, i.e. a map s : <Yi — )• Xi^ x Xi^ such that the product 
mos gives the identity map on Xj. For every A'-split s associated to the decomposition 
I — )• (Ii,l2), we will associate to any x G Xj, the elements xn-^ G Xi^^ and xo) G Xi^ given 
by 

5(x) = (X(1),X(2)) . 

Figure [20l describes the split associated to the decomposition 22 -^ (2, 2) when q = A3. 
Let us stress that, because the amalgamated product is not an isomorphism of seed -Y-tori, 






rfl(22) rg(2) 

Figure 20. The split s : rg(22) ^ (rg(2),rg(2)) for = ^3 

different A'-splits can be associated to a given split of seed. Indeed, let i, ii,i2 be double 
words such that i = iiia, if 5 is a -^-split associated to the decomposition i — )• (ii,i2), 
then for every t G <-f 1 the following map St is also a A'-split. 

St(x) = (m(x(i),t),m(t~\x(2))) where s(x) = (x(i),X(2)) 

and t~^ = {t^^, . . . ,t^^) when t = (ti, . . . , t/) . 

However, in what follows, nearly each time we will need a <Y-split, this freedom of choice 
will not affect the related result. We are now ready to define twisted evaluations on (G, vr*). 

Definition 7.7. Let wi < v,W2 G W, i = iiia be a trivial {wi,W2)v-^ord and 5 be a r^- 
split associated to the decomposition i — )• (ii, ia)- We define the left and right evaluations 
ev?, ev?* : Xi ^- G hy the formulas: 

evf (x) = evi^(x(i))[ev[^'^(x(2))it^]<o 
(7.2) and 

evf(x) = evi,(x(i))[(ev^(x(2)))^w^]% , 
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where the reduced evaluations ev''^'^ are the evaluation maps given in Section SI (Let us 
notice that these left and right evaluations don't depend on the choice of the <Y-split s.) 
These maps are extended to every i G D{v) by setting 

(7.3) evf = ev? i^ o/ii^^i^ and evp = ev?^;^ 0^;^;^;^ . 

Finally, for every v (zW and i € D{v), we define the twisted evaluation 

evi : Af[i]^ ^ G : X h^ evf (x) xi(x(9^)){55 evf (x)~ , 

^''■^'* where evi(x(lR)) = TTfJ(2;. , .) . 

■'■-'; \NJ(i)) 

The relations between twisted evaluations, (wi, t(;2)-niaps and the Fock-Goncharov eval- 
uation maps is given by the following lemma, straightforwardly checked. 

Lemma 7.8. Let wi <v,W2 € W, i be a trivial {wi,W2)v-word, and 5 be a X-split asso- 
ciated to the {wi, W2)v-decomposition i — )■ (ii,i2). The following equalities are satisfied. 

evf(x) = ^(^^^^2)Jevi,(x(i)),ev[^'i(x(2))) , 

evf(x) = A(^^^^2).(evii(x(i)),ev[^'i(x(2))) , 

evi(x) = /)ovi(x(in)),{«,i,«,2).(evii(x(i)),evpd(x(2))) . 
Here is finally the analog of Theorem 13.41 for (G, vr^,). 

Theorem 7.9. For every v G W, t (z H and i € D{v), the restriction evi : A:'riu(t) — > 

(F^„,jj^-i,7r*) is a Poisson birational isomorphism onto a Zariski open set F^ _i of 

Proof. We are going to use the three following lemmas, the first one being crucial to our 
construction. 

Lemma 7.10. |EL071 Corollary 5.11] Let v € W. The {e,e)y-map associated to every 
t G H is a birational Poisson isomorphism of ((G, L)('^''^'",7r(g g^ ) on a Zariski open set 

of {Ft^wo^-l,TT*). 

Lemma 7.11. Let t ^ H , v ^ W, i be a {e,e)v-word and 5 be a X-split associated to the 
[e,e)y- decomposition i -^ (11,12)- The following evaluation map is a birational Poisson 
isomorphism onto a Zariski open set F^ _i C F^^^^^-i . 

eVt,i : Xl""^ -^ {Ft,^ov-^^^*) ■ ^ ^ ev[^'i(x)w55i(evi,(x(i))[ev[f (x(2))S^]<o)"^ • 

Lemma l7.11l is easily deduced from Lemma 17.101 and Theorem 13.71 

Lemma 7.12. The map b 1— > [bwoj^Q is an involution on G'^'"'°. 

Lemma [7.12l is well-known; to prove it, we have to remember that the map 9 is an invo- 
lution, and use successively the facts that Sjq = wq~ , b^ G Q'^o,e^ ^^^^^ ^- [^{^j^y^ ^ jy 
to get 

b^ = {bw^fw^ = [{bw^fw^]<o = [[bw^]<Qm)]<o . 

Let us now choose x(9^) E ^"1 such that evi(x(9^)) = t. From Lemma 17.111 and Lemma 
17.121 we deduce that when the {wi,W2)v-"^ord i G L){v) is such that wi = W2 = e the 
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evaluation evt,i gives the restriction of the map evi on the set A'rii^(i). The general case 
will be deduced from Theorem 18.121 bv noticing that the associated map Jii^j, defined in 
Section [8l is a birational Poisson isomorphism for every double words i,j S D{v). D 

In particular, Theorem l4.10l is deduced from Theorem l7.9l because evj and evj coincide 
for every i G R{v,wo), that is for every {wi,'W2)v-'^OT:d i such that wi = v and 102 = e. 
Finally, let us recall that for every double word i, ^f.^uai (- ^rj, ig^ as a set, such that 
the elements of the set of variables x(9^) are pairwise disjoint. Thus, we get the following 
corollary from the second decomposition of (|2.1ip with Theorem 17.91 

Corollary 7.13. For every i G D{wq), the map evi : ^.^^^^ — > (i?i?_,7r*) is a Poisson 
birational isomorphism on a Zariski open set of BB^ . 

Remark 7.14. The same construction can be done (with the same results) if G is no 
more of adjoint type but simply connected. In this case, the twisted evaluations we have 
to consider are the following 

ev; : X[i]^ ^ G : X h^ evf (x) xi(x(<K))w5 evf (x)"^ , 
where xi(x(9^)) = JJ Hj{a 



■i\Xf j \ 
Ijvi(i)/ 



the generators Hj{.) being given by (j2.3p . 

7.3. T-combinatorics and cluster ^-varieties related to (G, vr*). We now relate 
twisted evaluations by cluster transformations to get Poisson parameterizations related 
to (G, vr*) by cluster ^-varieties. This is achieved by mixing the truncation maps of Sec- 
tion H] with the r-combinatorics developed in Section [6l We then get a family of ^-varieties 
Xiu, indexed by the Weyl group W of G, evaluating the dual Poisson Lie-group {BB^,it^). 

7.3.1. Double reduced words, the set Dyj-^[v), and the W -permutohedron associated to g. 
As it was done in Section [3l we start by the study of the combinatorics on double words 
before to consider the related birational Poisson isomorphisms on seed ^-tori. We fix 
wi <v ^ W, and denote Dyj^{v) the set of {wi,W2)v-^ovds for every W2 € W. Therefore, 
the set D{v) is the union over dl\ wi <v &W of the sets D.uj^{v). 

(75) Dy,^{v)= y W{wi,W2)v and D{v) = [J Dyj^{v) . 

W2&W wi<v 

The following result is clear from Definition 17.51 It uses amalgamation to relate these 
sets Dw^{v) to the set R'^{wq) already studied in the Section [6l 

Lemma 7.15. The set D^^ {v) is the set of double words that can be obtained by a composi- 
tion of mixed 2-moves from an amalgamation of a double reduced wordi\ E R{w\~ ,vw^ ) 
with any double reduced word \2 G R^{wq). 

We can therefore use the fact that the set R'^{w) has been described in Section [6] via 
the VF-permutohedron to relate the sets W{wi,W2)v to Dw^{v), for every wi <v ^ W. 

Lemma 7.16. We have the following statements for every v,wi (zW such that wi < v. 

• The set D^-^iv) is the disjoint union of the labels W{wi,w'~^)y associated to the 
vertices w' of the W -permutohedron Pw that are crossed or reached by a l^-path. 
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• Two labeled vertices W{'Wi,'w~^).u,W{'Wi,w'~^)v C L'^^(w) of Py/ are related by 
the edge Sj if and only if there exist double reduced words i € W{wi,w~^)v and 
j G W{wi,w'~^)y such that 3 = d\j{i). 

Proof. It suffices to apply Lemma 16.41 and tlie fact tliat the map R{w'^^,vw'^^) i-)- 
W{wi,w'~^)y gives a bijection from R'^{v) to Dw^{v). D 

Example 7.17. We still take g = A2. From Figure [THI we get the ly-permutohedron at 
the right of Figure [211 Let us stress that this picture is valid for any wi € W . 

W{wi,WQ)wa 




R{S2SI,S2) W{wi,SiS2)wii 

R{s2,S2Si) W{wi,Si)w, 




W {Wl, S2Sl)u,o 
W{wi,S2)wo 



R{l,wo) W{wi,l)ujg 

Figure 21. From the set R'^{wo) to the set Dwi{wo) when g = A2 



7.3.2. The cluster X -varieties Xwj^<vit) associated to the set Dy^^{v) . We now consider the 
related cluster transformations and associate a right truncated cluster A'-variety Xwx<v 
to each set Dy^^{v). Let wi < v ^ W. To any d'^-move 6 linking two double words 
i,i' G Dw-^{v) we associate the cluster transformation /ijj],^_j.jj/]^ : X^^j^ -^ '^[i']w. such that 

/^[ik^[i'k ° Kit) = %it) ° /^[->i' , 
where, as in Subsection 16.3^ the generalized cluster //[_^. denotes 

• the cluster transformation Hi-).!' if 5 is a generalized d-move; 

• the tropical mutation fJ-fi^^^-. if 6 is the r-move D\j. 



As usual, we extend this definition to every i,j € Dw-^{v): if i,j are double words linked 
by a sequence SJ^- of d'^-moves and i — )• ii — )• • • • — )• in-i ^ j is the associated chain of 
elements, we define the map ^[ija^^fj],, : "^[1]^. ~^ '^[Jk ^^ ^^^ composition 



We will denote ^^j<^,, or simply X^ if the equality f = wq is satisfied, the cluster X- 
variety associated to the set L'^j(t'). Moreover, because of equation (|4.5p . the cluster 
Af- variety A'^i<^ can be Poisson stratified into the disjoint union over H of cluster X- 
varieties Xw^Kvit): 
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The way to relate the cluster Af-variety Af^i<,;(t) to the W^-permutohedron is the following. 
As a preliminary, we attach to every set W{wi,W2)v a cluster Af-variety, denoted '^[wi,w2)v 
and resulting of the following amalgamation. 



m : Af"'! ^'^""i^ 



^^2 \'U«)2 ^ 



X, 



{wi,W2)v 



The first lemma is directly deduced from the definition of the amalgamated product, and 
the definition of the set W{wi,W2)v 



Lemma 7.18. Let wi < v,W2 G W. The duster X -variety '^{wi,w2)v 
X-torus X\\\^ associated to any double word i € W{wi^W2)v 



contains the seed 



Lemma 7.19. Replace each label w' ^W of a vertex of the W -permutohedron Pw by the 
cluster X-variety X"^ '"'°"' . We then have the following properties. 

• The cluster X-variety X^, indexed by any element w G W , contains the seed X- 
torus A:^[i]3, associated to any double word i G Dw{wo). 

• The cluster X-variety Xuji<v is the image of the cluster X-variety Xfyj-^^^i\ by the 
right truncation map tg^ for every vu' £W . 

• For every i G [1,^], if two vertices respectively labeled by the cluster X -varieties 
p^u,v^^u,v ^ ^^^ of Pw are related by the edge Si G W, then there exist two 
double reduced words i,j G -D^j(f) such that the associated seed X-tori X\ and Xj 
are related by the right tropical mutation associated to i and denoted ^a<r. 

Proof. It is clear that the seed Af-tori obtained by right truncation from seed A'-tori related 
by a right tropical mutation are the same. Therefore, the cluster Af-varieties included in 
the family of cluster A'-varieties and described by the VF-permutohedron in Section [6] are 
sent to the same truncated cluster A'-variety. Therefore, it suffices to apply Lemma 16.61 
because right tropical mutations and right truncations commute with a left amalgamation; 
indeed, we change each cluster A'-variety label Af"'^ of Lemma 16.61 into the amalgamated 

D 



cluster Af- variety X^^^^^^-^^. 

This result is illustrated by Figure | 



I in the case q = A2- 




Wl,S2 



Wl,S2Sl 



Wl,Wo 



Figure 22. Truncation maps and the cluster A'-variety A'^t,^(t) when Q = A2 
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7.3.3. Twisted evaluation maps relating A'^^<j,(t) to (F(.j,,7r*). We finally use twisted eval- 
uation maps to get, for every v G W, a family of truncated cluster A'-varieties X^^Kvit), 
wi < V £ W, parameterizing the Poisson submanifold (Fj,„g^-i,7r*). In particular, the 
family of truncated cluster ^-varieties A'm,i<m,o (also denoted X^-^), tui G W, will parame- 
terize the dual Poisson-Lie group {BB^,it^). 

Proposition 7.20. For every t G H and wi < v & W and every double words i, i' € 
Dwi{v), the equality evi = ev;/ o iJ.[i]^^[i']^ is satisfied. 

Proof. We introduce relatives of the left and right evaluations of (|7.2p in the following 
way. Let wi < v,W2 £ W and s be a A'-split associated to the (t(;i,u;2)i;-decomposition 
i 1-^ (ii, 12)- We define the maps ev?, ev?^ : Xi ^ G and evi : XiX Xi ^ Ghy the following 
formulas: we start by a definition on trivial double words 

evf(x) = evi^(x(i))[evi2(x(2))u^o]<o , and evf(x) = ev^(x(i))[(ev^(x(2)))^SJ5]<o , 

before to use the same idea as in (j7.3p to extend this definition for every i £ Dw^{v) by 
setting evf = evf ; o /ij^i^i^ and ev?^ = ev?^; o fi\-^\^\.2 , and we introduce finally 

evi(x, t) !->■ ev^(x) evi(t)t(JoeVi (x) 

Lemma 16.81 with the extension of the kind ()7.3p just described then implies that the 
following equalities are satisfied for every double words i,i' G D„,^(u). 

evf = evf o /i7'_^., , evf = evp o /i[^., and evi = evi'(;u[_^i,(x), t) . 

Moreover, it is easy to see that the element evi(x,t) doesn't depend on Xj when j G -^o^(i)- 
Now, let us notice that tropical mutations associated to right r-moves affect only the 
variables associated to right outlets. Therefore, we get the equality 

evi(x,t) = evi'(/i[i]^_,[i/]3,(x),t) . 

Finally, it is clear that the relation evi(x) = evi(x, x(*H)) is satisfied for every i G Dyj^[v). 
The proposition is then proved, because, by equation (j4.5p . the cluster variables belonging 
to x(9^) are invariant by mutations. D 

For every t £ H and every wi < v £ W, the cluster A'-variety Xwi<v{t), has been 
therefore attached to the Poisson submanifold {Ft^y,TT^). Let us denote X[j^{t) the ap- 
plication which associates to any double word i the corresponding seed A'-torus X[^^{t). 
Applied to a seed i, the application A'j]^(t) is therefore the composition of the map X, 
and the truncation map iig^(t)- We then sum-up Theorem 17.91 and Proposition 17.201 by 
(abusively) saying that there exists a Poisson map ev^j<t, : Xw^<v — > {Ft^v,T^*) ■ We thus 
get the following commutative diagram, which generalize Figure [T2j (The link between 
these truncated cluster varieties X^^<_y{t), as well as the way to link the different twisted 
evaluations, is given in the next section via the introduction of saltation maps.) 

8. Saltations and cluster ^-varieties for {BB^,tt^) 

We relate the twisted evaluations evj : X[^^ -^ (G, vr^,) of Section [7] by composition of 
cluster transformations with new birational Poisson isomorphisms called saltations. As a 
corollary, we get a parametrization of the dual Poisson Lie-group (BB- , vr^, ) by a family of 
cluster ^-varieties; moreover, the cluster ^-varieties of this family are related by saltations 
indexed by the 1-skeleton of the VF-permutohedron P\y . 
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^[.1«(*) 



Dwi {v) 




'^inJt) 



'Im^UIm 




'^Wl<.V\'^) ^ \-^t,W()V~^ 



W()V~^ ; " * J 




^lilJi) 



Figure 23. The cluster A'-variety Xwi<v{t) associated to (i^i,i„o^-i,7r*) 

8.1. Various moves on the set D(v). We sharpen the description of the set D{v) for 
every v € W. To do that, we enlarge the combinatorics on double words by introducing 
dual moves and mix them with the d'^-moves described in Section [6l We start by adding 
a variation of r- moves, involving the involution i i— )• i* on the set [1, /] . 

Definition 8.1. Let i = ii . . .i„ be a double word. We denote DKt- ,{i), or simply 9l*(i) 
when no confusion occurs, the double word obtained by changing the last letter i of i 
into i : 

9\^ (i) = ii . . . in-iin* if in&[l,l]; 



9\i 



il ■ ■ ■ i-n—l'^r, 



if in G [T, /] . 



The map i i— )• y{*{i) is called a right t* -move on i. Because the maps i ^^ i* and i i— )■ z are 
involutions, it is clear that every map IH^ is an involution on the set of double words. A 

(T -m,ove is then given by one of these transformations: 

• a generalized d-move; 

• a r*-move. 

For every vu G W, let K^ (w) be the set of all the double words obtained from a double 
reduced word i G R{l,w) by composition of cT -moves. (The choice of the double word i 
doesn't matter, because of Theorem 13.11 ) 

Example 8.2. When q = A2, the action of r*-move on the double reduced words ii = 121, 
i2 = 212 and is = 211 is given by: 

9^^(ii) = 122, 9^12) = 21T, and ^^^(is) = 2T2 . 

As every set R'^{vj), the set R^ (w), w G W, is easily described via the PF-permutohedron. 
Indeed, we have the following analog of Lemma EH for the set R^ (w). It is proved in the 
same way. 

Lemma 8.3. The following statements are satisfied for every w G W . 

• The set R'^ (w) is the disjoint union of the labels R{w'* , ww'~ ) associated to the 
vertices w' of the W -permutohedron P]y that are crossed or reached by a 'l^j-path. 

• Two labeled vertices R{u, v) C R^ (w) and R{u', v') C R^ (w) of Py/ are related 
by the edge Si if and only if there exist double reduced words i G R{u, v) and 
j G R{u',v') such that j = lH*(i). 
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R{S2SI,1 



R(.S2,S2 




R{wo,l) 




R{l,S2Si] 



Rihwo) 



Figure 24. The sets R'^* {s2Si) and R'^* {wq) when Q = A2 



Here is the variation of Example 16.51 which has described the sets R'^{s2Si) and R'^{wq) 
when Q = A2: Figure [18] is now replaced by Figure [2H We now use the previous T*-moves 
and the involution D given in Subsection 15. 21 to define new moves on double words, besides 
generalized dn-moves and r-moves; they are called dual-moves. 

Definition 8.4. Let i € R{1,wq) U R{wq,1) be a positive or negative reduced word 
associated to wq and j be a double word. The following dual-move Aj associated to the 
last letter of j transforms the product ji into the following double word: 

(8.1) A,-:ji^^^*(j)i°. 

Right r*-moves and the map D being involutions, dual-moves are in fact involutions on 
the set of such products ji. Let v G W and i G D{v) be a double word. A d-move on i 
is one of the following transformations. (In particular, every d-move is a d^-move when 
v = 1.) 

• a cf^-move; 

• a dual- move A,-. 



As an example, let us keep the notation of Example 18.21 and consider the double words 
ji = iij, J2 = i2J and J3 = isj, with j = 121. Because the equality j° = 121 is satisfied, 
the action of dual moves on these double words give: 

A2(ji) = 122 121, Ai(J2) = 21T 121, and A2(J3) = 212 121 . 

Lemma 8.5. The following statements are satisfied for every v G W . 

• The set D{v) is the disjoint union of the labels Dyj^{v) associated to the vertices 
wi of the W -permutohedron Pw that are crossed or reached by a "[^-path. 

• Two labeled vertices Dyj-^{v) C D{v) and D^i (v) C D{v) of Pw are related by 
the edge Si if and only if there exist trivial double reduced words i € -D^,^ (v) and 



je^. 



such that j = Aj(i). 



Proof. The first statement is just a reformulation of the second relation given by ()7.5p . 
The second statement is obtained by applying Lemma 17.161 and Lemma 18. 3^ because of 
the formula ()8.ip describing dual moves. D 
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Figure 25. The sets D{s2Si) and D{wo) when Q = A2 

We continue our running example with the case g = ^2 • Using Figure [Ml we give in 
Figure [25] the description of the sets D{s2Si) and D{wo) in terms of subsets -D«,i(s2Si) 
and Dyj-^(wo) related by dual moves. Now, we have seen in Example 17.171 that each subset 
Dwiiwo) can be decomposed into sets W{u,v), for appropriate u,v G W, related by right 
r*-moves; this is described by Figure [2TJ Therefore, mixing Figure [2T] and Figure [25] 
we get in Figure [26] a description of the set D{wq) as unions of sets W{u,v) related by 
d-moves. Let us notice the double occurring of the permutohedron P3 in this picture. 

8.2. Saltations. We are now ready to introduce the saltations, and use them to describe 
the cluster combinatorics associated to double words differing from a dual move. Roughly 
speaking saltations are a generalization of generalized cluster transformations involving 
truncation maps. When we deal with generalized cluster transformations, the combina- 
torics giving the formulas is described by the Poisson bivector of the seed A'-torus (i.e. the 
seed matrix usually denoted e), which, in turn, is transformed by these generalized cluster 
transformations. The idea underlying the definition of the saltations is simple: we allow a 
little more freedom between the combinatorics on seed Af-tori and their Poisson geometry. 
Let us remember the truncated torus Xj associated to a truncation map tj and given by 
Definition [ 



Definition 8.6. Let I = (/,/o,e,d), and V = {r,lQ,e',d') be two seeds, J C I, J' C I' 
be two isomorphic subsets, and tj(I), tj'(I') the related truncation maps. A birational 
Poisson isomorphism H : X^/i\ — )• X^ vp) is said to be a saltation (relatively to the subsets 
J, J') if there exists a generalized cluster transformation 0j_^i/ : Xj — )• Xi/ which makes 
the following diagram commutative for every t € Xj. 



(8.2) 



Xi 



X\i 



tj(t)( )tj,{t) 
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wn,s2s^ 






1^2, Si6 6 *ysiS2,S2 




W^siS2,e 



S2,S2Si 



•S2>si(b 6 '^''32,32 

Ws. 



VFe,siS2l/ \) We,S2S 

We,sl ji We,S2 

5Hi \ / 'J\2 



9\/w2 

We.e 



Figure 26. The set D{wo) when g = A2 

Saltation are easily composed: if Hi is a saltation relatively to the sets J, J' and to a 
generalized cluster transformation 0i and H2 a saltation relatively to the sets J' , J" and 
to the generalized cluster transformation (p2, then the composition H2 o Hi is a saltation 
relatively to the sets J, J" and to the generalized cluster transformation (j)2° (t^i- 

A few saltations have already been encountered before. 

• Every generalized cluster transformation is a saltation: just take the sets J and J' 
equal to the empty set 0. 

• For every u,v & W and every double reduced words i,j € R{u,v), the cluster 
transformation /^[iij^-^mj^ is the saltation relative to the cluster transformation 
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/ii^j, J being the set of right outlets relative to the seed I(i) and J' the set of right 
outlets relative to the seed I(j). 

• For every w G W and every i € R'^{w), the cluster transformation Cjij^j is the 
saltation relative to the generalized cluster transformation (^i, where the set J is 
the set of right outlets relative to the seed I(i) and J' is the set of right outlets 
relative to the seed I(i^). 

• More generally, the saltation associated to any generalized cluster transformation 
(p is always a cluster transformation if the set J contains the directions relative to 
all the tropical mutations that are used to factorize </>, and (/>(J) C J'. 

Remark 8.7. Every generalized cluster transformation (jyi^ji is a product of symmetries, 
mutations and tropical mutations, and every symmetry of a finite set J can be decomposed 
into a product of transpositions. Therefore it is tempting to decompose every saltation H 
as a product of elementary saltations of the following forms. 



ij 



id 



Xi 



^Ij,it) 



Xi 

XiAt) 



Mfc 



-^ X, 



Mfe(I) 



X, 



Mfc(I). 



Xt) 



f^k 



-^ ^^^lm 



ij 



^^^LUI)j{t) 



Xi 

Xi,{t) 

The problem is that the first map Hi is clearly undefined if the symmetry s : J i— >■ J' is 
not the identity! 

Here is the main reason for introducing saltations. We define for every double reduced 
word j, every positive word i+ € R{1,wq) and every i € [1,/], the map H^ : X,.. -^ — >■ 



(8.3) 



SfeQ) 






iVMji+fc); 



Proposition 8.8. The map Hj : Xy- ji 
cluster transformation. 



ifi<iV^(ji+); 

ifi = iV'(ji+)<Ar*(ji+fc) ; 

otherwise . 
r^r-Dj*! is a saltation, hut not a generalized 



Proposition 18.81 will be proved in Subsection 18.41 For the moment, we focus on the link 
between saltations and dual moves, given by the following result. 

Corollary 8.9. Let i € [1, /] and i be a double word such that we can apply the dual move 
Aj on it. Then the following product is a birational Poisson isomorphism. 



(8.4) 



X 



X, 



A,{i) 



^[i? 



« Jl-K- 



KA,(i)]i,, 



'/^[i 



iJm-^[i+ 



I]«W 
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Proof. We use Proposition l8.8l and the fact that, for every double words j and k, the cluster 
transformation ^[j]^_j.[k]3,, when it exists, is a birational Poisson isomorphism between the 
seed ^-tori A'jj]^ and -^[k],,- D 

We finally prove that the relations between the various cluster ,^-varieties X^ associated 
to the different double words i G D{wo) involve saltations and are described by the W- 
permutohedron Pw- 

Lemma 8.10. Let us replace every label w' €W of the vertices of the W -permutohedron 
Pw by the cluster X -variety X^ associated to a seed X -torus X]\\^ related to a double word 
i G Dw[wq). We have the following statements. 

• The cluster X-variety X^ related to any w (z W contains the seed X-torus X\\\^ 
associated to any double word i € Dw{wq). 

• For any i G [1,^], if two vertices are respectively labeled by Xyj and X^' of Pw are 
related by the edge Si G W, there exist two trivial double words i,j G Diwo) such 
that the seed X-tori associated Xiit^ and Xi^-t^ are related by the saltation H^. . 

Proof. The first statement is given by Lemma 17.191 And the second statement comes 
from Lemma 18.51 and Corollarv 18.91 D 

8.3. Cluster ^-varieties for (G, vr*), saltations and the H^-permutohedron. We 

obtain finally, in Theorem 18.121 the cluster combinatorics relating the twisted evaluations 
of Section [71 This cluster combinatorics involves cluster transformations and saltations. 

To any trivial double words i, i' G D(v) such that there exists a d-move 5 : i — >■ i' we 
associate a birational Poisson isomorphism /ii_j.i' : Xi — t- X{i given by 

• the cluster transformation /U[i]3,^[i']g, if (5 is a d'^-move; 

• the birational Poisson isomorphism H^. if 6 is the dual-move A,. 

From Lemma [8. 51 there exists a sequence of d-moves relating any two trivial double words 
i, i' G D{v). We therefore extend this definition to every i,j G D(v) in the usual way: 
If i, j are trivial double words linked be a sequence of d-moves and i —> ii —)•••• ^ 
in-i — > j is the associated chain of elements, we define the map Jii^j as the composition 
Wn-i-i'j ° ■ ■ ■ ° Aii-s>ii- Finally, because every double word k G D(v) is related (at least) 
to a trivial double word of D(v) by a sequence of generalized d-moves, we associate the 
cluster transformation /Ukn-i to complete the picture. Finally, we get a birational Poisson 
isomorphism fli^i' : Xi — )• Xi/ associated to any double words i,j G D{v). We can now 
relate the Poisson birational isomorphism of Corollary 18.91 with the twisted evaluations of 
Section El 

Proposition 8.11. For every i G [T, /] and every double reduced word i G R{si,wo) starting 
with the letter i, we have the following equality. 

evi = evA,(i) o -.s, ■ 

Proposition 18.111 is proved in Subsection 18.51 Now, because of Lemma 18.51 there exists 
a composition of d- moves 5 that satisfy the relation ^ : i — ?> j. Therefore, it suffices to 
apply Proposition 17.201 and Proposition 18.111 to prove the following result, which was the 
missing argument to prove Theorem 17.91 

Theorem 8.12. For every v £ W and i,j G D{v) the maps evj and evj satisfy the 
equality evj = evj o Jli^j . 
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Figure [271 describes, in the case q = A2, the fuh picture of cluster combinatorics we 
obtain for (i3i3_,7r*) from the cluster Af-varieties related to (G, vtg) and described in 
Section [3l 



Xn: 






Xn, 



^'ol 










'^s^si ,siS2 Q Q '^S2Sx,S2Si 






im 



Xs' 



A^O^' 



A^s- 



s-iS2,WQ 
'^siS2,siS2 Q 9 ^siS2,S2S\ 



X, 



^0?' 




'^si,siS2 9 9'^si,^si 






A-, 






' si(>^ p 

Mo 
A-, 






MoK/Mof 

A'e.e 

Figure 27. Cluster A'- varieties evaluating (i?i?_,7r^,) when = ^42 



8.4. Proof of Proposition 18.81 We need a few preliminaries to prove Proposition 18.81 
Let us remember the map vTi associated to any double i given by (|5.23p . Here is a gener- 
alization. Let s be a A'-split associated to the decomposition ij — >■ (i,j): for every x € Aij, 
we define 

(8.5) egn :pi 7rij^i(x) =m(x(i),7rj(x(2))) and 7rij^j(x) = m(7ri(x(i)),X(2)) . 
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(It is clear that these equahties don't depend on the choice of s and that they are also 
satisfied for every x G -^[iji^-) Figure [28] and Figure [29] give examples of these maps in the 
case g = A3, whereas the following result is straightforward. 




VT; 



o 
o 
o 



Figure 28. The generalized folding ttj : TA^ii) -^ ^Asi^) for i = 123121 




vr. 







Figure 29. The generalized folding vTij^i : rA3(ij) -^ ^Aaii) for i 
123121 and j = T 



Lemma 8.13. Let u,v € W and i G D{u,l) U D{l,v) be a positive or negative double 
word. The following equality is satisfied for every x G Afj. 

[evi(x)]o =evi07ri(x) . 

Lemma 8.14. Let wi < u,W2 < v £ W and i G R{w2,v), j G R{u,wi) be such that 
i = i+i- and j = j+j-. The following equalities are satisfied for every x G ^i and y G Aj. 



[evi(x)u- 



<o 



[eVi , OTTi^i , 



(x)u i]<o 



and [u evj(y)]>o 



\u "*" ev; ovr 



j->j 



(y)] 



<0 • 



Proof. We prove the first equality. Let s be a Af-split associated to the decomposition 
i — )• (i+, i_). Because i_ G R{w2, 1) and W2 < v, the conjugation of evi_ (x(2)) by v belongs 
to the Borel subgroup B. But it is clear that for every b £ B, the equality [b]<o = [b]o 



is satisfied. Therefore, we get the result by applying the definition 
Lemma ]8.13[ The second equality is proved in the same way. 



3]) for 7ri_ 



and 

D 



Lemma 8.15. Let wi < u,W2 < v £ W and i G R{w2,v), j G R{u,wi) be double reduced 
words such that i = i+i_ and ] = j+j-. The following equalities are satisfied: 



TTl 



--1 



(8.6) 



i->i+ = Ci+ o /^i.iD^iD ° Ci+ o W^i_i4 



vr^ 



J-^J- 



(i-' ° /^.iE.i+^.i° ° <i- ° /^J^J-J^ 



Proof. Let z G A'i_i^ and 6_ := C (evi_i^(z)). Using Proposition 15.341 equation (|3.5p . 
Remark 15.131 and Theorem 13. 7] it is clear that the evaluation map evjn sends the following 
element on 6_ 

/^i_ig->ig°Ci+(z) . 
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But this evaluation also sends the element Ci+ ° '''"i->i+ ° ^i_i+->i(z) on 6_, using the first 
equality of Lemma I8.14| Theorem 13.71 and equation (j3.5p . Now, the double word i^ 
is reduced because i+ is a double reduced word. Therefore the maps evjo and Ci+ are 

birational isomorphisms and the first equality of (j8.6p is proved. The second equality is 
proved in the same way, using the second equality of Lemma 18.141 D 

Here is a last preliminary. Let us recall that, because of the erasing map in the first 
line of equation (j3.6p . the Poisson map ^i-i-j associated to a nil- move (5 : i i-^ j is not a 
birational isomorphism. We then define the related cluster transformation ]Ii^\ such that 

/li^j = ^(») O ^i^j . 

Lemma 8.16. Let i G [1,/] and i E R{si,WQ) be a double reduced word starting with the 
letter i. The following equality is satisfied for every t E A:'i. 

t'iiH{t) ° /^iiO^in ° Ci+ o /^i^ii+ = Si o t^^(t) , 

where t'l^ denotes the truncation map associated to the set I^{iy given by 



(8.7) I^ii)' = I^ii^z*) U {i{)}\{C;.*.u,.,)} ■ 



Proof. Let us define, for every i G [1, 1] and every double word i, the erasing map "jg^i ; as 
the product of j-erasing maps ?j for every right outlet j which is not a i- vertex: 

Let us then remark that the map Hj can also be defined as 

(8.8) S, : ^[i^j]^ -^ A'fiD..]^ : x ^ (Ci+ o TT.^.^.^{^),^{d\)) . 

We then use the formulas (|8.6p and (|8.8p to deduce the following equality, which is satisfied 
for every xe;f[i^^^. 

(^««*,i° °?(^) °7^Iin^in °Ci+ o/^i^ii+(x),x(^)) = Hi oti^(t)(x) . 

It suffices then to use the definition of truncation maps to end the proof of the lemma. D 

Lemma [8. 16l therefore implies that the map Hj is a saltation associated to the generalized 
cluster transformation Jij-p^^fi o (^j^ o ^.^^j^ , so the first part of Proposition 18.81 is proved. 

Lemma 8.17. Let I be a seed such that there exist a cluster variable Xi of the seed X -torus 
Xi which is a Casimir function. Then, for every cluster x of Xi and every generalized 
cluster transformation (j), we have the equality XMi\ = Xi and, for every j ^ i, the cluster 
variable x^fj\ doesn't depend on the cluster variable Xj. 

Proof. It suffices to factorize the generalized cluster transformation (j) into a product of 
tropical mutations, symmetries, and mutations (f)k- The properties are then easily checked 
for each 0^, using formulas for mutations and tropical mutations. D 

To prove that the saltation Hj is not a generalized cluster transformation, it suffices 
now to apply Lemma [8.17( the second line of formula (18. 3p . and the fact that every cluster 
variable Xi, i £ ^g (^) ^^ ^ Casimir function for every right truncated seed [i]fH. 
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8.5. Proof of Proposition 18.111 Let us recall that every element x € B^B can be 
decomposed into x = [x]^[x]q[x] + , where [x]_ G N-, [x]o € H, and [x]^ € N. If x G 
B-B n BB- it can also be decomposed into x = [[x]]+[[x]]q[[x]]-, with [[x]]_ € N-, 
[[x]]q £ H, and [[x]]+ S N. The two decompositions are easily related: using the fact that 
the map x i-^ x~^ is an involution, we get 

(8.9) [[xM[xMx]U = [x-'U'[x-%'[x-Y-'- 

Let us now recall the application k : G x G ^ G given by equation (j5.7|) . Let t £ H, 
V (zW and let us first introduce the map Hj : L"'""" — )• L'^o,'" given by: 

(8.10) Et{gH) = [[[gH]]>owo]<o [K{{two)-\ [[gH]Uo)]+H . 
Lemma 8.18. Let t £ H and v G W. We have for every g G C''^o ; 

Pt,iv,e)A9H) = [Et{gHf^o]% two ^t{gH)-\ 

Proof. Let us set h = [[5']]>o and n_ = [[5]]<o- We use successively the fact that 
[k{wq~ ,n_)]o and [K{{twQ)~^ ,n_)]Q are equal (to the unit Iq of G), the fact that the 
map K{g, .) commutes with the inverse map x i-t- x~^ for every g £ G, and Lemma 17.121 to 
obtain: 

Pt,{v,e)S9H) = bn-two[bn_uH)]^l 

= htwQ ([6S7J)]<o[K((tw^)"^n_)]+)"l 

= [([^^]<o[/^((iw^)"\?^-)]+)^S}J5]|Q twQ ([6S75]<o[K((tSjJ5)^^n_)]+)-l 

= [~t{gH)''wo]% two ^t{gH)-K 

D 
As an immediate corollary, we get, for every t £ H and every v £W: 

(8.11) Pt,{e,wo), = Pt,{v,e), ° -^t where At{bi,cH) = Et{bicH) . 

Here is now the related cluster combinatorics. We will focus on the case v = Si because 
it is all what we need, but similar statements, although more technical, can in fact be 
obtained for a general v £ W. Let us remember the maps 7rij_j.i given by ()8.5p . 

Lemma 8.19. Let i £ [1,/], t £ H, and i £ R{si,WQ) be a double reduced word satisfying 
the equality i = i+i-. The following equality is satisfied for every x £ ^riu(t). 

[ Ht o evi(x) ]<o = eVjD o (i_^ o 7ri_^i^(x) . 

Proof. The double reduced word i being (sj, t(;o)-adapted, it is easy to see that the equal- 
ity [[evi(x)]]>o = evi^ o7ri^i^(x) is satisfied for every x £ X\^^^{t). Therefore, it suffices to 
apply Theorem 15.371 and (I8.10p to prove the lemma. D 

Lemma 8.20. Let i £ [1,/], g £ G'*''"'" and t £ H. Denoting t* the conjugation oft by 
wq, we obtain \Et{gH)]^H = t^E'* H. 
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Proof. From g G G^^'^°, we get the equality [[gH]]^QH = F^H. So, up to H, we have 
[K{{tw^)-^, [[gH]]<o)]+ equal to t*E'-*t*~^. It suffices then to apply (fSTTOj) . D 

Let us remember the reduced evaluations of Subsection 14.11 Because the equality t = 
evi(x(9^)) is clear for every x G X^p^^{t), the following proposition is directly implied by 
using the definitions of Hj and Hf , with Lemmg [8 . 1 9 1 and Lemma [5201 via an amalgamation 
procedure. 

Proposition 8.21. Let v € W , t G H , and i € R{v, wq) be a double reduced word satisfying 
the equality i = i+i. The following relation is satisfied for every x € Xiii^{t). 

Hi(evrd(^rcd)) ^ evfgd (H,(x)-d) . 

Finally, Proposition 18.111 is deduced from the definition of {wi,W2)-'nLiaps given in Sec- 
tion [71 equation (jS.lip and Proposition 18.211 the properties of the amalgamated product 
and the definition (j8.4p of the birational Poisson isomorphism H^ . . 



9. Evaluations and cluster A"- varieties for {G*,TTa*) 

We start by giving an alternative way to describe twist maps with mutations and tropical 
mutations. We then describe the dual Poisson-Lie group {G*,ttg*) via {wi,W2)-Taaps and 
provide, in Theorem l9.121 evaluations for (G*, vrc*) in the spirit of the Kirillov-Reshetikhin 
multiplicative formula for the quantum i?-matrix associated to hlq{Q). Moreover, birational 
Poisson isomorphisms using to pass from the positive part to the negative part of (G*, vrc*) 
(and vice-versa) can be read on the ly-permutohedron: they are described by the f-paths 
linking the cluster A'-varieties corresponding to the identity and the longest element wq 
oiW. 

9.1. Twist maps and coordinates in Schubert cells. We introduce parameterizations 
of unipotent subgroups of G that will be used to evaluate the Poisson-Lie group (G*, ttg* ). 
They involve the generalized cluster transformations of Subsection 15.41 We start by re- 
calling a few facts from |FZ991 Section 2.4]. For every w G W , the corresponding Schubert 
cell {BwB)/B C G/B is the image of the Bruhat cell BwB under the natural projection 
of G onto the flag variety G/B. Let us recall the subgroups N^{w) C N and N^{w) C iV_ 
given by 

N+{w) = Nn wN.iu''^ , N^{w) = iV_ n lu^'^Nw . 
The following proposition is essentially well known (cf. |FH9H Corollary 23.60]). 

Proposition 9.1. An element x ^ G lies in the Bruhat cell BwB if and only if we have 
w~^x £ Gq and [uj^^x]- € N^{w). Furthermore, the correspondence t+ : x i-^ y+ given 
by 

y+ = T+(x) = w[iv^ x]-w^ E N^{w) 
induces a biregular isomorphism between the Schubert cell {BwB)/B and N^{w). 

Let T : G — ?> G : X i~> x""" be the involutive anti-automorphism of G defined in |FZ99| 
and given, for every i € [1,/] and every complex number t, by: 

a^ = a (aeH), Xi{t)^ = xj{t), xj(t)T = Xi{t) . 

Using the transpose map T, one obtains a counterpart of Proposition 19. II for the opposite 
Bruhat cell B^wB^. 
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Proposition 9.2. An element x € G lies in B^wB^ if and only if we have xw~^ € Go 
and [xw^'^\j^ € N^{w). Furthermore, the correspondence r_ : x i-^ y_ given by 

y- = T_(x) = w" [xw^ ]j^w G N^{w) 

induces a biregular isomorphism between the "opposite Schubert cell" B^\{B^wB^) and N^{w). 

The maps r+ and t_ are in fact easily described using mutations and tropical mutations. 
Let us recall that the group N-{w) is a unipotent Lie group of dimension i{w), hence it 
is isomorphic to the affine space C^*^*"^ as an algebraic variety. We are going to associate 
with any negative reduced word i = ii . . . i^^^) and every positive reduced word j = 
Ji • ■ ■ Ji{w) the following system of coordinates on N±{w) which involves the generalized 
cluster transformations of equation (jS.lSp . For every x € A'; and y S <Yj , we set 

(9.1) 

-^j(y) = xjii-y, ^ , n J% • • • ^h(^)i-y, \,(„) J%(^) ■ "^ ^ • 

Now, for every w, every reduced word i = ii . . . i^(^) G R{w), and every k G [l,l{w)\, let 
us set Wi^^ := Si^^^ • • • Si„ and Wi^^ := Sj^ . . . Si^_^. For every u € W , t € C and i G [1,^], 
we denote: 

(9.2) Xu(^o{t) ■.= u-^Xi{t)u and yu(i){t) := u~^yi{t)u . 

It is well-known, and straightforward to check via an induction over the length on W, that 
the following equalities are satisfied for every w and every complex numbers ii, . . . , t^(„,). 

e{w) e{w) 

n y^i^kih)(^k) = ^"^ • n ^kVid^k) 

(9.3) and 



k=l k=l 



n ^'^i<fcfe)(*^) = n ^^kitk)^k ■ w~^ ■ 

fc=l fc=l 

Lemma 9.3. For every w € W , i G R{w^ 1), j G R{l,w) and x G X\, y G <%j we have 
[u;-^ evi(x)]_ = ri(x) and [evj(y)u}]+ = Tj(y) . 

Proof. Let us focus on the first relation. Using equation (j5.12p and the negative projection 
[ . ]_ : B^B — )• A^_ : X I— )■ [2;]_ on the unipotent subgroup A^_ C G associated to the Gauss 
decomposition (14. 9p . we are led to the equality 



[wi^^ ^evi(fc_i)oCi(<fc_i)(x)]_ =y^ (,^)(-x/ (r^d ["^k ^ e^ii^k)<\{<k){^)]- ■ 

The first relation is then obtained by iteration of this formula because of the first equality 
of (19. 3p . The second relation is proved in the same way, using the second equality of (19. Sp . 
D 

Proposition 9.4. For every w G W, i G R{w,l), j G R{l,w) and x G X^, y G X^, we 

have the equalities 

r_(evi(x)) = 'WTi{x)'w~^ and r+(evj(y)) = w~^Tj{y)w . 
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Proof. Simply deduced from the preceding lemma and the expression of t_ and r^- given 
by Proposition 19.11 and Proposition 19.21 D 

9.2. From (Go,vr*) to {G*,ttg*) via (wi, W2)wo-''^^P^- Here are a few preliminary maps 
to get the evaluation maps related to {G* ^ttq*) which are given in the next subsection. 
Let us remember the variation of the Gauss decomposition given by the formula (|8.9p . 



Lemma 9.5. The following equalities are satisfied for every W2 (zW and every t ^ H . 

Proof. We use definitions of (wi, t(;2)»;-niaps, equation (j8.9p . and the fact that conjugating 
every element of the Borel subgroup B± by wq gives an element of the opposite Borel 
subgroup B^ to deduce 



PtXe,e)^Q{bi,hH) = hih tw^lh^rnl^QuTo '^ [hiw^ ^]>J [6itI55~ 



^]i^ ; 



eB eiV- 

(9.4) and 

Pt,(wo,e)^^{ci,hH) = [[ci5^]]+ J[ci5J5]]<o WQ^^htwQ (ci[65J5]<o)~^^ . 

Moreover, it is clear that the unipotent part in the previous equalities doesn't depend on 
the element bH € N relative to the choice of W2- Therefore the lemma is true for every 
W2eW. D 

Let us recall the map A( given by equation (jS.lip . 

Proposition 9.6. Let bi,b ^ B and t ^ H. The triplet {h,n,n-) £ H x N x N^, such 
that the equality 

is satisfied, is given by the following formulas. 

h = [bib]o tuH)[bw^]Q^m)'^ [bim)^\^ ; 



(9.5) 



n = [{At{bi,e'^<^{b)H)wo)-T' ■ 



n_ = [biw^ 



+ ' 



Proof. The negative unipotent part of (|9.5p is given by the left equality of Lemma 19.51 
its diagonal part is given by the first equation of (j9.4p . and its positive unipotent part is 
given by Theorem 15.371 and Lemma 18.111 and the right equality of Lemma I9.5[ D 

9.3. Evaluations related to {G*,7Tg*)- We give the cluster combinatorics on {G*,ttg*)- 
To do that, we start by giving evaluation maps for the elements h £ H m. (j9.5p . 



Proposition 9.7. The equality [[evi(x)]]o = evi(X) is satisfied for every double word 
i = iii2 G T>e{wo) and every cluster x G -^[i],, "if and only ifX.= {Xi, . . . , Xi) is the set of 
monomials given by 

I ^(m) 

^*-^(^/«)ll 11 11 ^ "^feff ^ »? y 
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Because of its length, the proof of Proposition 19.71 is postponed to Subsection 19. 4i Let 
us however stress that the same kind of monomial formula would have been obtained by 
choosing a trivial double word i = iii2 € Dwdwo). 

Example 9.8. As usual let us set Q = A2 and take t € H. We consider a cluster 
X G <Y[i2i i2i]3,(0 ^^^ the related elements 

bi = eY\^^{xn\,xn\,X(2\), b = ev\^^{xn\, X n\, X r2\) and t = evi(ti, ^2) • 

Using Example 15.331 Lemma 15.151 Lemma 15.161 Proposition 15.171 and equation (j9.5p . or 
simply the formula above, we get 

[[eVl21 12l(x)]]o = eViom( (X7AXQ^,X72^^X"A), {x Q^^X ny X n\x7r.) , (tl,t2)) 

= evi(x^ix(.)X(.)X(.)ti, x-^^^x-^^x^.^-^x-^^^t,) . 

We then focus on the evaluation maps relative to the elements n ^ N and n_ € A^- in 
equation (|9.5p . Let us remember the involutions -k and O on double words and seed ^Y-tori 
given by Subsection 15.21 



Lemma 9.9. For every i € R{1,wq), j G R{wo, 1) and x G Xi, y G Aj we have 

[evi(x)S7j)"^]_ = ri*(x*) and [[evj(y)S^]]:^^ = Tjo(y'^) . 

Proof. The first relation comes from Lemma 15.151 and Lemma 19.31 Equation (|8.9p and 
Corollarv 15.171 implies that the L.H.S. of the second relation is equal to [evjo(y^)u7o]+. 
Lemma 19.31 and Lemma 15.161 then lead to the R.H.S. of the second relation. D 

Lemma 9.10. Let i,j G D{wq), i be a {e,e)wo-word, ^ be a {wo,e)wQ-word, and 5,5' be 
X -splits relative respectively to the {vui, vu2)wo-decompositions i — >■ (ii,i2), andj — ?> (ji,J2)- 
The following equalities are satisfied. 

[[e'Vi(x)]]:i = ri*(x^^p and [[e'Vj(y)]];i = r-oiyf,^) . 
Proof. The relations are derived from Lemma 17.81 Lemma 19.51 and Lemma 19.91 D 



We can then get the cluster combinatorics on {G*,'7tg*)- Let us associate to any double 
word i G D{wo) some double words ig G De{wo) and i^g G Di^g(it;o) being respectively a 
(e, tt;o)-trivial double word and a (it;o,e)-trivial double word. Moreover, let us respectively 
denote ie+ G R{1,wq) and it„(,_ G R{wq, 1), the positive part of ig and the negative part of 
i^p, accordingly the definition of Subsection l5.4.3|, and denote pe : '^%]^ —> ''^l^'^ and pw^ : 
X]\^ Ik ~^ X^'^'^ the corresponding canonical projections on seed A'-tori. Let us finally 
remember the birational Poisson isomorphisms fii^i^ and /Ii^i„ defined in Subsection [ 
To any x G X\^^^^, we associate the clusters 

Xe = Pe o /li^i^ (x) and X^„(, = p^o o /ii^i„^^ (x) , 

and derive the following lemma from Proposition 19. 7( Lemma 19.101 and Theorem 18.121 
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Lemma 9.11. The following decomposition is satisfied for every w G W , every double 
word i G Dw{wo) and every x G Xw 

[[evi(x)]]o = evi(Xe) ; 
[[evi(x)]]+ = Ti^Jx^J-^ 

[ [[evi(x)]]li = n.{^t) ; 

where Xg = (Xi, . . .Xi) is the set of monomials given in Proposition |g.7| applied to the 
cluster /2i^ig (x) . 

Now, let us recall that the map (j) '■ {G*,-kg*) — > {BB^,tt^) given by the formula 
{nh,n-h~^) i— )• nh'^nZ is not an isomorphism but a covering of degree 2 . Example 19.81 
in particular shows that in the general case we cannot expect to directly obtain rational 
evaluations for the dual Poisson-Lie group {G*,itg*), because of this covering /i i-)- /i^ on 
the Cartan subgroup H of G. The remedying idea is to take covers on cluster variables 
which mimic (p. Let I = (/, Io,e, d) be a seed; the seed A'-torus denoted Afji/2 is the torus 
(C^o) given with the Poisson bracket 

r -| ^ij 

•j^XjjXjj- — ——XiXj , 

where {xj | i G /} still denote the standard coordinates on the factors. In particular, the 
following map is a Poisson covering of degree 2' L 

(9.6) tx: Xii/2 — >Xi: (xi, . . . ,X|7|) i — > (xf , . . . ,xjf|) . 

Thus, Lemma [9.11l and the fact that the maps tx and (j) are Poisson covering whose degrees 
are some powers of 2 lead us to the following result. 

Theorem 9.12. Let i G D[wq). The following evaluation map Evi is a Poisson covering 
of degree 2", for some n < dimG, onto a Zarisky open set of G* . 

Evi : A' 1/2 ^ (G*,7rG.) : x h^ (eVi^(x),evr(x)) 

r ev+(x) = ri„^(c^(x)2j-ievi(Xe); 

(9.7) where < 

{ evr(x) = Ti.(c;t(x):)evi(Xe)-i, 

and the set Xg = (^i, . . .Xi) is the same as in Lemma \9.11\ 

Remark 9.13. A careful study of the cluster variables appearing in the monomial formulas 
describing Xg = (Xi, . . . Xi) and given in Proposition 19 . 71 leads to a choice of a subcovering 
of the covering tx that minimizes the value n of the previous theorem. 

Example 9.14. When the equality g = ^2 is satisfied, the heuristics of Theorem 19.121 is 
illustrated by Figure [301 where we have used the notation G* = {G\ , G*_ ) to abbreviate 
the description (j2.10p . In particular, if we choose the double word i = 121121, then we 
can take ig = i and i„,(, = 212121. Therefore, to any x G -^[ii,, are associated the elements: 

Xg = Pe(xj and 'X.yjQ = p^g o ^si ° ^'■211121^211121 ° ^S2 ° A'l22121->212121 ° "Siixj, 

whereas Xg has already been given in Example 19.81 



CLUSTER A-- VARIETIES FOR DUAL POISSON-LIE GROUPS I 



59 



^WO ^ -^[i^olM 




Figure 30. Evaluations related to {G*,ttg*) when g = A2 



These evaluation maps on {G*,ttg*) are, of course, compatible with the cluster com- 
binatorics already developed. The following theorem is then derived from Theorem 18.121 
and the definitions (|9.6p and (|9.7p of the covering cx and the evaluation map Evi. 



^ '^fil. 



Theorem 9.15. The following diagram is commutative for any double words i, j € D{wq). 

X,. - - '-* 

Evi 



{G*,TIG 




9.4. Proof of Proposition 19.71 The main ingredient to prove Proposition 19.71 is the 
factorization theorem [FZ99. Theorems 1.10 and formula (1.21)] of Fomin and Zelevinsky. 
Here, we mainly follow the exposition of |KZ02j . Let G be the simply connected cover of G, 
and denote i?, B- the Borel subgroups of G such that their images in G are respectively 
B and i?_, and the intersection H = B f] B^. In the same way, for every u,v a W, 
denote G"'^ the double Bruhat cell in G whose image in G is G"'". For x € BB- and a 



fundamental weight Wj, define Aj(x) 



X 



It is shown in |FZ99j that Aj extends to a 



regular function on G. For type An (when G = SL{n + 1,C)), this is just the principal 
i X z minor of a matrix x. For any pair n, u G W , the corresponding generalized minor is 
a regular function on G given by 



^UUJi^VLOi 



(x) = Aj(S xv) 



It is shown in |FZ99j that these functions are well defined, that is they depend only on the 
weights uui and vui and do not depend on the particular choice of u and v. For i = 1, . . . ,1, 
we denote e(z) = +1 and e{i) = —1, and recall that \i\ = \i\ = i. In what follows, we fix 
u,v € W and a double reduced word i of (u, v). We append / entries im+i, ■ ■ ■ , im+i to i 
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by setting im+j = J- For /c = 1, . . . , ?7i, we set 

e=m,...,k £=l,...,k-l 

e{ie)=-l e{ie)=+l 

where the notation imphes that the index i in the first (resp. second) product is decreasing 
(resp. increasing). We also set u>k = e, f <fc = v ior k = m + 1, . . . , m + 1 . For example, if 
i = 1223321 then n>4 = S1S3, t'<4 = siS2- For every k = 1,. . . ,m + l, we set 7'^ = u>k^\i^\, 
6^ = u<A:a;|j^|, and introduce a regular function Mk on G"'^ by setting 

(9.8) Mfc(x) = A^fe_5fe(x') , 

where x' is the twist of x given by the formula (j5.14p . We refer to the family Mi , . . . , M^+i 
as twisted minors associated with a reduced word i. Their significance stems from the 
following result (see |FZ991 Theorems 1.2, 1.9, 1.10 and formula (1.21)]). Let us remember 
the notation given in (|5.10p and let us define,for every double word i = ii . . .im, the map 
Xi : C^o ^ G by 

Xi{t) = Xi^{ti) ■ ■ ■ Xi^{tm) where t = (ti, . . . , t^) • 

Theorem 9.16. |KZ02[ Theorem 2.3] The map Xi : H x C"" ^ G given by 

Xi(^a, ti, . . . , tfji) — ciXi^ [tij . . . Xi^ {tjyi) 

restricts to a biregular isomorphism between a complex torus H x (C — {0})™' and a Zariski 
open subset Ui = {x e G'^''" : Mfc(x) 7^ for 1 < k < m + l} of the double Bruhat cell G"'". 
Furthermore, for k = 1, . . . ,m + I and x = Xi(a; ti, . . . , tm) € Ui, we have 

(9.9) M,(x) = a--^' n V^' n V'^' • 

l<i<k k<l<m 

e(ii)=-l e{ii)=+l 

We are going to use this theorem to prove Proposition 19.71 Let us first remark that for 
u = wq and v = e, we have the equalities 7^^ = w^ and 5^ = uj^ for every k > £{wo). Now, 
let us notice that if 61 and b belong to the double Bruhat cell G^'""*, then the elements 

b\ = wq~ biWQ and 6*^ = wo~ b~^ivo 

belong to the double Bruhat cell G'^^'^. Therefore, using the definition of the twist map 
X 1-^ x', the formula (j9.8p . and the fact that the relation a^ = a~^ is satisfied for every 
a G H, we get the following equalities for every k > £{wo). 

Mk{b\) = {[wQ-h\]\Y^^ = [biWQ'%''^ and Mfc(6«)-i = {wQ[bwo]^^wo'^r^ . 

Taking any i G R{w(j, 1) to parameterize b\ = axi(t^, . . . , f^, -,) and 6*^ = a'xi{tf, . . . , t9 s) 
and applying the formula (19. 9p lead to: 



So we have the following equality. 

(9.10) {[biUbiWo-\'[b]oWo[bwo],'wo''r'' = [^(t^i?'')^"'^^''""^^'"'^'^ • 



ities: 


j<N^Hii) 


^(.) 


and 


t'e- 


J<N^^{h) 
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Now, let US fix some j = ji . . ■Je(wo) ^ -^(Ij'u^o) and evaluate some bi,b € N f] 0^'"^° by 
z,z' G X\, that is: 61 = evj(z) and h = evj(z'). Let us also denote j^ := ji ■ ■ -jn for every 
i < i{wo). We obtain from the relations Xj(ti, . . . , t^(«,(,)) = evj(z) and Xj(t'^, . . . , t'^, J = 
evi(z'' 

%■ 

Moreover, because b (^ N, we have vri(z') = 1. Thus, adding Lemma 15.151 the formula 
(j5.5p and Proposition 15. 171 to the previous equalities gives: 

t*t^-^ = - TT {z,,*,z' ,* )-! = - TT zT.l^',., . 

*^ « 11 W^^) / ^< y 11 PO ( 

In fact, it is easy to see that the same kind of formula can be obtained when the evaluation 
of 61 and b are done respectively for any ii and i2 in R{l,wo). The setting i = iii2 € 
De{wo) and the equality bibH = ev['^'^(x) then imply that x''*''^ = m(z,z"^^ ). We finally 
apply Proposition 19.61 and the equality (j2.3p on the formula (|9.10p to end the proof of 
Proposition 19.71 that is: 

^* -^U,)li 11 11 ^ chch' 

k=l e=l j^N^e{iie),j'<N^e{i2e) ^^' •> 

I t{wo) 

- T. ■^ TT TT TT r-T-i r * \^^ )fe»(%>«'o>,<^fe> 

-^U,)ll 11 11 ( ^(v*)^( ^ V* )) - • 

10. An elementary approach for the case G = SL(2,C). 

To fix the ideas, we consider with full details all the evaluation maps met before, and the 
related cluster combinatorics, in the simplest case: the case G = 5L(2,C). We thus start 
by recalling the construction of Fock and Goncharov for (SL(2,C),7rG) and successively 
consider the models (SL(2,C),7r*) and (SL(2,C)*,7rG'. ) for dual Poisson-Lie groups. And, 
as a conclusion, we give the quantization of this elementary construction by considering 
the cluster combinatorics associated with the quantized universal enveloping algebra Uq{Q) 
of the Lie algebra 3 = sl(2,C). This section is written to be as self-contained as possible. 

10.1. Elementary Lie data. Let us recall that the complex simple Lie group 

(10.1) 5L(2,C) = {(ll\ J^2 ) • *"*'' " *''*'' " ^' *'' ^ ^^ ■ 

has its Lie algebra g equal to the set sl(2, C) of 2-squared complex matrices which have a 
zero trace. The Chevalley generators {ei, /i, /ii} and its related basis {ei, fi,h^} are then 
given by the following matrices: 

/01\ „ /^00\ , /I \ ,1 /1/2 

^i=io OJ' ^i=il OJ' ^' = [0 -I h ^ =[ -1/2 



Using the exponential map exp : 3 — )■ G, which, in this case, associates to a matrix M G g 

■VCXD 

^n=0 



the usual matrix X^^q "^ ^ ^' ^^ S^t the following generators of G, the two last ones 
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being associated to every non-zero complex number x. 

In particular, these generators of the diagonal subgroup H oi G satisfy the relation 
H^{x'^) = Hi{x) for every complex number x G C^Q; which agrees with the formula 
(j2.3|) . because the Cartan matrix A is simply here the number 2. Let us stress, however, 
that the generator H^{x) is generally ill-defined on SL(2,C). It is because SL(2,C) is not 
of adjoint type, but simply connected. The related adjoint group is PGL(2, C), and H^{x) 
is well-defined on PGL(2,C), because of the following identity. 

..1/ X ( X^''^ \ PGL(2,C) / X 

^(")=i x-V^J = (o 1 

Now, because there is only one simple root ai, the Weyl group W contains only two 
elements {l,si} and the different double reduced words are the double words 1, 1, 11, 11 
without forgetting the trivial double word 1 associated to the unity element of the direct 
product W X W . Finally, the r-matrix r G g A g associated to sl(2, C) and its related 
elements r-t G g (8) are given by the following formulas. 

(10.2) r = ei A /i, r+ = -hi <S> hi + ei <S> fi and r_ = -j/ii fX" /ii — /i ® ei . 

10.2. Cluster A'-varieties related to (SL(2,C),7rG). The evaluation maps of Fock and 
Goncharov associated to the previous double reduced words are then the following: 

evi(xo) = H\x^)(^G^^^ 




evi(yo,yi) = H\yo)E^H\yi)eG^'^'^ 

yo-^'^yi-'/^ y V 1 



H\yoyi) 



evT(zo,^i) = H\z^)F^H\zi)(^G'^'^^^ 
z^y^zi^^ 



zo-^l^zi^l^ zi^-^l^zi-^l^ I \z, 



U \^H\zoZi). 



evij('Uo,'Ui,'U2) = H\uo)E^H^{ui)F^H\u2)eG'"'> 



wo 



1/2 1/2 1/2 , 1/2 -1/2 1/2 1/2 -1/2 -1/2 

-1/2 -1/2 1/2 -1/2 -1/2 -1/2 

Un U^ ^"^ Un U^ Uo 



l + U^^ Uq\ I, . 



eYj^{vo,vi,V2) = H\vo)F^H\vi)E^H\v2)eG'"° 



wo 



1/2 1/2 1/2 1/2 1/2 -1/2 

-1/2 1/2 1/2 -1/2 -1/2 -1/2 , -1/2 1/2 -1/2 
Jq V^' V2' «0 ^1 ^2 +^0 ^1 ^2 



1 Von \ rjlf N 
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Again, the reader annoyed with the rational powers is free to replace SL(2, C) by PGL(2, C). 
Let us remark, however, that for every u,v £W and every double reduced word i G R{u, v), 
the associated reduced evaluation maps evF'^^ : X^^*^ — > G^'"" /H described in Subsection 
14.11 are well-defined birational isomorphisms both on SL(2,C) and PGL(2,C). Moreover, 
let us notice that it is also possible to construct the two last evaluation maps from the 
others, using the amalgamated product. Indeed, according to the formula (13. 4p . we get 
the relations 

no := yo, ui := yizo, U2 := ^i 
and 

vq := zq, vi := ziyo, V2 := yi ■ 

From the other hand, if ev^j{uo,ui,U2) = evY-^(t;o, wi, W2), then we have the following 
relations between the Ui and the Vj: 

{^0 = ^^0(1 + ^1) f uq = vo{l + v^^y^ 

vi = u^^ and < m = vf ^ 

V2 = U2{l + Ui) [ U2 = V2il+V^'^y^ 

Now, for every i,j G [1,2], let tij be the coordinate function associated to (jlO.ip . 
Applying the formula (110. 2p to the Sklyanin bracket (12. Sp . we can see that the standard 
Poisson bracket on the Poisson-Lie group G is given by the following equalities: 

{hl,h2}G = 2*11*125 {*115*2i}g = 2*11*21, 
{tll,t22}G = tuhl, {tl2,t2l}G = 0, 

{tl2,t22}G = 2*12*22, {t21,i22}G = 2*21*22- 

We quickly check that the maps evi, evi, and evj are Poisson when the matrices (resp. 
quivers) establishing the Poisson structure on the seed A'-tori is given respectively by: 



e(l) = (0), £(!)=( J 0^), ^(T)=(_°i 



Then the amalgamation procedure leads to the following the matrices (resp. quivers) 
establishing the Poisson structures on the associated seed Af-tori for which the maps ev^j 



and evy-j^ are Poisson: 



e(ll)= I 1 1 I , e(ll) 
(10.4) 





Looking at them, it is clear that the expressions in (jl0.3p describe respectively the cluster 
transformation /Uj^j-s-Ti • '^iT ~^ "^Ti associated to the variable ui and the cluster transfor- 
mation /^Yi^iY : ^11 — > -^ix associated to Vi: 

{vo,vi,V2) = n^i^{uo,ui,U2) and (uo,ni,U2) = //Q)('t;o,i'i,'f^2) • 
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Let us also notice that both are mutations and that there is no other direction of mutation. 
We get therefore the following summary. 



Xx 



evi 



(Gl'^v^G) 



Xi 



evi 



{G 



l.WQ 



,7rGJ 






TTGJ 




(G'"0''^o,7rG) 



10.3. Cluster Af-varieties related to (SL(2,C), tt*). Applying still the formula (jl0.2p . 
but this time on the Semenov-Tian-Shansky Poisson bracket given by Proposition 12.21 and 
still using the previous coordinate functions ty, it is easy to prove that in the matricial 
case, the Poisson bracket on (G, vr*) is given by the following equalities: 



{iii,ii2}* 
1*11) ^22}* 

{*12,*22}* 



^12*22, 

0, 

*12*22, 



{tll,t2l}* 
{*21,*22}* 



—^21*22, 
^11*22 — i 
—t2lt22- 



22' 



10.3.1. Evaluations maps for (SL(2, C), vr*). It is easy to check that the evaluation evj'^^^ 



A'r 



[l]s 



(G, vr*), parameterizing the union, denoted F^^, over t G H of the varieties Ft 



t.si 



given by (|2.1ip . is Poisson. Indeed, it is given by the following expression: 



evf^^\xo,t) = H\xo)E^woHi{t){F^y^H^{xQ^) G F, 



UIQ 



t + r 



■^0 



't 



-x^r 




The evaluations evy"*^' : A'n-^i , — )• BB^ and ev'j^j^' : X,yn — )■ BB^, parameterizing the 
variety BB^, are then obtained by the following computation: 



ev^;^^K2/o,yi,t) 



ev 



ir{m,yi,t) 



t-^{l + yi) + t -yovit- 

y^\t{l + y^^) + t-\l + yi)) -yit^ 



yo \t + t-^yi 1) -yi'H 



And it is straightforward to check that /^[Ti]j„^[ii]k • (2/o,yi,0 >-^ {yo,yi,t)- 

These evaluations are particular cases of the twisted evaluations described in Subsection 
5.4[ The remaining twisted evaluations evii,ev^Y : '^[iiJch — >■ BB^ and evjj- : <Yn--^i — >■ 
BB_, which are described in Subsection 17.21 also parameterize the variety BB_. They 
are given by the following formulas: 
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evn{zo,zi,t) = ev^j{zo,zi,t) 

= H\zo)E^ evi(zi,t) {E^)-^H\z^^) 

(1 + z^^)t + f-i -zo((l + z^^)t + (1 + zi)t-^) 

t-i(l + yi) + t -t-^yoyi 

yo-i(t(l + yfi)+t-i(l + yi)) -y^t-' 

It is easy to check that ah these maps are Poisson when the matrices (resp. quivers) 
estabhshing the Poisson structure on the related seed A'-tori are given respectively by the 
matrices (resp. quivers): 

0-10 _ _ 

r?(ll) = r?(lT) = I 1 I , 77(Tl) = 7?(n) 




(10.5) 




Therefore, the truncation map (j4.5p gives the way to pass from the Poisson structures 
defined by (|10.4|) to the Poisson structures defined by pO.Sp . We thus get a cluster X- 
variety, denoted Afe<e, for the variety F^g and two isomorphic cluster Af- varieties for the 
variety BB-, denoted Xe and Af^j^, and respectively associated to the cluster variables 
{yo,yi,t) and (zo,zi,t). 



10.3.2. Remarks about evaluations maps for (PGL(2, C), vr^,). The careful reader will have 
noticed that the evaluation maps related to (SL(2, C),7r^,) we have just obtained slightly 
differ from the twisted evaluation maps of Section [71 Again, it is because the Lie group 
SL(2,C) is not of adjoint type. According to Remark 17.141 the corresponding evaluation 
maps for G = PGL(2, C) are the following. 

evf-i(xo,t) = H\xo)E^woH\t){F^)-'HHxo^) G F^, 

ev^fiyo,yi,t) = HHyo)F' evf^-\yi,t) {F^y^HHyo') 

_( t-V2(i + y,)+ti/2 -y,y,t-y^\ 

.v'--Hy.y.t) -(t~"'{^ + y^-"') + t"' -t~"'Ul + m-')\ 
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evii(zo,zi,i) =^n{zo,zi,t) 



(1 + zrl)tV2 + t-l/2 _^g((i + ^-1)^1/2 + (1 + Zi)t-V2) 
ZQ-^zf 1*1/2 -Z-lil/2 



evYY(yo,yi,i) = ev^r'^^'O'yi'*) 






10.3.3. How to use the saltation map. If the evaluations eVy"'^'(yo,yi, *) and evii{zQ, zi,t) 
parameterize the same element, we quickly check with the expressions above that the map 
^ ■ {yo,yi,t) I — > {zo,zi,t) is given by: 

(10 6) / ^0 = yo{l + yi'y\l + yi't^y^ 

Before to link the map ip with the cluster combinatorics we have developed, let us stress 
(again) that saltations are really needed in the story because, the variable t being a 
Casimir function, you cannot expect to obtain a formula such as zi = t^y^ by only 
cluster transformation. Now, let us remark that the cover 'px '■ •^Hi] ~^ '^[Til ^^ ^^ degree 
2 and given by the formula 

Px ■■ {yi,y2,t) ^ (yi,y2,i^) • 

We are going to prove that the equality px ° f = ^si ° px is satisfied, where S^^ de- 
notes the birational Poisson isomorphism given by Corollary 18. 9[ To get it, let us first 
describe the saltation Hi given by (j8.8p . It is associated to the following generalized cluster 
transformation, acting on every element (xo,xi,X2) £ X^j- 

/"TT°Ci o^iT^Ti(^0,2;i,2;2) = /"Q) o /^Q) o ^^i>j(xo,xi,2;2) 

= ^(1^ 0/iQ^|(xo(l +xi),X];i,X2(l + 2;i)) 

= ;U/l^(xo(l + Xi),Xfl,X2"l(l + Xi)"l) 

= (xo,xi,x^ixj"i) . 
Therefore Ei{xo,xi,t) =(xo,xJ^ t^^,t) , 

because Hi o i^.^y^^ = i^^y^^ o /i^i^ o ^^i^ o /i^i^ . 
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We then get the following formula for the birational isomorphism H^^. 

(10.7) 

= {yo{l + y^'y\^ + yi'ty\yT\t) . 

And it is now clear that the equality Pa" o 9? = ^si ° px is satisfied. Moreover, the way the 
cluster varieties X^ and Xg^ are related by the saltation Hi is described by the elementary 
VF-permutohedron pictured in Figure EH Let us notice, for the reader who prefers to 



Xf, 
Figure 31. Saltation and cluster A'-varieties for q = Ai 

deal with PGL(2,C), that things are much simpler for him because the covering ^x is 
then the identity map on seed A'-tori while the formulas for the saltation and cluster 
transformations remain unchanged. 

10.4. Evaluation maps for (SL(2,C)*,7rG0- We first recall that the set SL(2,C)* has 
the following description 

SL{2,C)* 
(10.8) 



= { 


7^1 tt2\ 

A 42 7' 


V *21 *22 . 


)) 






:tri 


= (%l) 1 ^22 


— (^22) ' 


''ll''22 


= 1, 


ti G c} . 



Now, let us recall its Poisson structure vrc*. Again, we denote t^- the corresponding 
coordinate functions. The Poisson bracket we are looking for on S'L(2,C)* is given by the 
following equalities: 

1^111^12)0* = ='=tiiti2, {^11)^21/0'* = ^^11^21' 
1%1'^22Ig* ~ ^' i^l2'^2llG'* = ^22^1' 

in2'''22JG* ~ =tt]^2^22' l''21' ''22)G'* = T'^2ii22- 

Because of the Poisson covering (f) : (SL(2,C)*,7rG'*) -^ (SL(2,C),7r*) of degree 2, we use 
the previous evaluation maps on (SL(2, C), vr^,) to get the evaluation maps on (SL(2, C)*, ttg*). 
To do that, let us introduce the following notations for every non-zero complex number x. 

E^{x) = H^{x)E^H^{x-^) and F^{x) = H^{x~^)F^H^{x) . 

Now, if the evaluations eVy^^'(yo;yi5i) and evii(2;0) -^ii^) gives the same element nh?nZ^ 
such that n (resp. n_) is an upper (resp. lower) triangular matrix with the number 1 on 



n_ 
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the diagonal entries and h a diagonal matrix, then we can evaluate h, n and n_ is the 
following way, using for example a computation in the spirit of Lemma I9.5i 

h = H\-t-^zi)=H\-ty^^) 

And because the map H^^ is such that the equality ^x ° V = ^si ° Vx is satisfied, where 
if : (yo; yii '"^ (-^0) -21, i), these formulas are in agreement with Theorem 19.121 which states 
that: 

f ev+ (y) = E\y,)H\-ty^') f ev+ (z) = E\~-M^),)H\-t-^ z,) 

\ ev-- (y) = F\~,,{y)-,^)H\-ty^')-^ ^^^ \ evr,(z) = F\z^^)H\-t~^zr)-^ ' 

We finally the following description of G* using matrices, analogous to the one given by 
(jlO.Sp . which involves our cluster variables and their relation ip : {yo,yi,t) ^ {zo,zi,t) 
given by the relation ()10.6p . 

{-ty^')-'/' )\{-ty^Y'/^z,' i-ty^'y/' 

We are thus in an optimal position for the quantization process. Indeed, the i?-matrix 
associated to the quantized universal enveloping algebra iYq(g) associated to the Lie algebra 
g = sl(2,C) and the related quantum group J^j(SL(2,C)*) are respectively given by the 
following formulas. 

(10.9) n=q^^^'^^E®F . 

+ _/ (gi^)V2 {qKY'\q-q-^)F 
\ {qK)-^l^ 

( iqK)-y^ 

\ {qKyy^q-q-^)E (qK)^/^ 

10.5. Quantum evaluation maps for Uq{sl{2, C)). The dual Poisson-Lie group {G*,itg*) 
is the semi-classical limit of the quantum group Fq{G*) which is isomorphic (as Hopf alge- 
bra) to the very famous quantized universal enveloping algebra Uq{Q). As a conclusion to 
this work, we give the quantum picture for g = sl(2, C). For technical reasons, we consider 
the quantized universal enveloping algebra Uq-i{Q) instead ofUq{g). It is the C((7)-algebra 
generated by E, F, and K with relations 

KE = q-'^EK, KF = q^FK, and EF - FE = — -, . 

q ^ -q 

We now define the quantum tori A'^ and X'^^, as the C(g)-algebra generated respec- 
tively by the elements Yq^Yi^T and ZqI, Zi,T with the g-commutation relations: 

YoYi = q^YiYo and ZqZ^ = q-^Z^Zo ; 

YqT = TYo and ZqT = TZq ; 

TYi = YiT and TZi = ZiT . 
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In particular, it is clear that the seed ^-tori X,jy\ and Afn^u, whose Poisson structures are 
given by (jlO.Sp . are respectively the semi-classical limits of these quantum tori. Luckily, 
the quantum evaluation maps for U„-i{q) come without effort from the semi-classical 
evaluation maps we have just obtained for (SL(2,C)*,7rG*). (We don't forget to switch q 
into q~^ in the formula (|1U.9|) according to the switch Ug{Q) -H- ^/^-i(g).) In particular, it 
is straightforward to check that the following map is an algebra morphism. 

, Z.0 = Yo{l + qY-^)-\l + qY-'T^y' 
^ - = T%-' 

Moreover, the link between the Yi and the Zj is given by quantizing the birational Poisson 
isomorphism if. To see that, we use the quantization formulas of [FG07a] : in the case 
\eik\ = 1, we get the following quantum mutations: 

_ r Xfc-i if i = A;; 

(10.10) X^,(,) - I ^^^[.,.]+(^ ^ ^^^ye^, .f ^ _, ^ _ 

Therefore, the quantization of the computation (jl0.7p gives us the following equalities, 
using a still mysterious map which we denote H^. 

Ei,{Yo,Y,,T) =^^ oH?o^[^y,^[,^^(yo,yi,T) 



ev9" 


-\K) = 


- -qTY,-' = 


-qT 


-%; 


ev?" 


-'iF) = 


-{q-'-qy 


-Irp-l 


YiYo; 


ev?" 


\E) = 


(q-'-q)-' 


V- 





^'U.^^.^° ^1(^0(1 + qY,-r\Y,-\T) 



[ll]<„^[Tl]„ 
(yo(l + qY,-') '{1 + qY,-'ty\Y,-'T,T) 



-\,. . ,._1.^-l 



Moreover we have the equality ^x°'^'^ = '^sx °'9x^ where i-p'^ is the quantization of the map 
99, that is ip^ : {Yq,Yi,T) — > (Zq, Zi,T). Let us stress, however, that there is still something 
strange in this story. Indeed, by keeping the tropicalization formula, we therefore also get 
tropical quantum mutations from (110. lOp : we use them to introduce quantum saltation 
S^, defined by intertwining generalized quantum cluster transformations with truncation 
maps, by mimicking the previous computation. We thus get: 

^ll)°^'ll)°^'ll)(^o,Xi,X2) =^^i^o^^,^(Xo(l + gXi),Xf\X2(l + gXi)) 

= {Xo,Xi,qX2 X-^^ ) . 
Therefore H?(Xo,Xi,T) = {Xo,qXyT-\T) , 

because H^ o iayt) = Hl){t) ° ^\^\ ° ^R ° ^V) ' 

But, unfortunately, it is clear that we have H^ 7^ H^. 
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